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Introduction 

A topological space gives rise to a graph in a very natural way. Let r be a 
topology on a set X. Construct a graph G whose vertex-set is X , and where two 
distinct vertices x and y are adjacent if and only if U l'I V * ¢ for all U. VE r such 
that x E U, y € V. Equivalently, x and y are non-adjacent if and only if there exist 
U. V E r such that x € U, y € V but U n V = </>. We shall call G, and every graph 
which can be constructed in this manner, a topological graph. We shall also say that 
the topology r (or the topological space (X, r) induces the graph G, and symboli
cally we shall write r --+ G. 

Example. Consider tlie topological space (X, r) , where X = [I , 2, 3, 4, 5] and 
r = [</>. X, [I] , [2], [1 , 2J, [I ,4) , [l , 2, 4] J. The induced topological graph is 
shown in Fig. 1. l. 

J7ig. 1.1 A topological grnph 

Obviously, two homeomorphic topological spaces induce isomorphic graphs. 
Bowewr, non-homeomorphic topological spaces may induce isomorphic graphs. For 
example. the topology t' = [¢. X. [I], {2}, [1 , 2], [l , 41, fl, 2, 4], [1 , 2. 3. 4) ] 
on the same set X in the last example induces the same graph as r does although 
(X. r ) and (X, r') are non-homeomorphic. 

For convenience, we shall adopt the follmving notations: 
A the closure of the subset A of a topological space X. 
[x , y ) = the edge of a graph with end vertices x and y. 
P4 a path with four vertices. This will also be denoted by 

[a, b, c, d] , where [a, b] . [b, c J, [c, d] are distinct edges. 
d c;(x, y) = the length of a shortest path in G whose end-vertices are x and 

y. Thus, dc(x, x) = 0 ; dc(x, y) = I if and only if x and y are 
adjacent ; d c;(x. y) = ""' if there is no path joining x and y. 
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degc(x) = the number of edges in G containing the vertexx . This is called 
the degree of x in G. 

Preliminary Results 

TI1e following two lemmas are easy and their proofs are omitted. 
Lemma 2. J . Let (3 be a base for a topology r on X and r ~ C. Then two 

vertices x, y in G are adjacent if and only if U n V * ¢ for all U, V € (3 such that 
XfU,y€ v 

Lemma 2.2. Let r, r' be topologies on X and r ~ G, r' ~ G'. If r is finer than 
r' (r 2 r') , then G is a subgraph of C' (G ~ G'). 

The next result is due to Diesto who is also doing some investigation on topo
logical graphs. 

Theorem 2.1. Let r be a topology on X and r ..... G. Then for each x € X, n 
(0: 0 € r and x f 0 J "' (x J is the set of all vertices adjacent to x. 

Proof' Let y be a vertex adjacent to x € X . lf 0 €rand x € 0, then Un 0 * <1> 

for each U er that contains y. This implies that y € 0. Therefore,y e n [O: 0 € r 
and x € 0] "' lx] . 

Conversely, let y € n (0: 0 E r and x € OJ "" (x] . Let U, 0 e r such that 
ye U, x e 0. Since y e 0, it follows that Un 0 * !/>. Hence, y is adjacent to x. 

Let (X, r be a topological space and r ~ G. For each x E X, let us define 
Sc (x) = (v e X: y -:/= x and y is not adjacent to x]. ln view of theorem 2.1, this 
set is in r since it is the complement of the closed set n (0: 0 € r and x € O]. 
If A is a finite subset of X, then the set Sc(A) = (x € X: x ¢A and x is not adjacent 
to any vertex in A] = x'E'Jt Sc (x) er. Furthermore, if A and B arc finite subsets of 
X. then Sc(A) n Sc(B) = Sc(A U B). Thus, the sets SG(A), where A ranges over all 
finite subsets of X, form a base for some topology r' on X We shall call r' the 
topology induced by the graph G. Observe that if G is any graph (not necessarily a 
topological graph), then it induces a topology with base consisting of the sets 
Sc(A), where A ranges over all finite subsets of X, the vertex-set of G. If G induces 
the topology r' we shall write symbolically G ~ r' . 

Theorem 2.2. If r is a topology on X and r ~ G ~ r' ~ G', then r :J r' and 
Ced. -

Proof: We have already noted before that the sets Sc(A) = [x e X: x ¢A 
and x is not adjacent to any vertex in A] , where A ranges over all fmite subsets of 
X , are all in r and that they form a base for r'. Consequently, r :Jr' . By Lemma 
2.2,G ~G'. -

Theorem 2.3. Let G be a fmite graph and c ~ T ~ G'. Then c' ~ G. 
Proof' Denote by X the vertex-set of G. We shall show that two vertices 

which are not adjacent in G must be non-adjacent in G' . Let x, y e X be non
adjacent vertices in G; let A = [v· e X: dc(v, x ~ 2 and B = [v e X: do(v. y) ~ 2. 
Then Sc(A), Sc(B) er and x € Sc(A),y e So(B). We claim that Sc(A) nSc(B) 
= rp. Suppose that z e S0 (A) n Sc(B). Then z 4 A u Band z is not adjacent (in G) 
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to any vertex in A U B. It follows that dc(z, x):::; l and dc(z, y) ~ l. Now, z can
not be x or y since dc(x, y) ~ 2. Therefore, de (z, x) = dc(z, y) = 1. Since ye A 
and z is adjacent to y, then z I/ Sc(A). This is a contradiction. Hence, Sc(A) n 
Sc(B) = ¢. This implies that x and y are not adjacent in G'. 

The preceding theorem does not hold for infinite graphs. Consider a graph 
with an infinite number of connected components. If we denote this graph by G, 
and if G -+ r -+ G', .then it is easy to show that G' is complete, i.e., every pair of 
distinct vertices forms an edge in G'. This shows that G' properly contains G. 

Combining Theorems 2.2 and 2.3, we get the following: 
Theorem 2.4. Let G be a finite graph and G-+ r ..-. G'. Then G is a topological 

graph if and only if G = G'. 

Main Result 

For convenience, we shall introduce the notion of a triangulo.tor. If e is an 
edge of a graph G, then any vertex x in G which is adjacent to both end-vertices of 
e shall be called a traingulator of e. The set of all triangulators of e in G shall be 
denoted by the symbol T c(e), or sin1ply T(e). 

Theorem 3.1. A finite graph G is a topological graph if and only if for every 
subgraph P4 = [xi. x 2, x 3 , x 4 ] such that both end-vertices x 1 and x4 are not 
triangulators of the middle edge e = (x2 , x 3 ] , there exists a triangulator v of e such 
that each vertex u ¢ e which is adjacent to v is itself a triangulator of e. 

Proof: Let G be a finite topological graph and let P4 = [x 1, x 2 , x3, x 4 ] be a 
subgraph whose end-vertices do not belong to T(e), where e = fx2 , x3 } . Let X 
denote the vertex-set of G and A = [x £ X: dG(x, x,,] ~ 2 J, B = [x e X : 
dG(x. x3) ~ 2] , Observe that x4 £A but x 2 ¢A. It is easy to see thatx 2 e Sc (A). 

Similarly, X3 £ Sc(B). By Theorem 2.4, x 2 and x 3 are adjacent in G', where 
G .... T ..... c'. Therefore, since SG(A),Sc(B) E r , it follows that Sc(A) n sc(B) =/: ¢. 
Let z i; Sc;(A) n Sc(B). Then z f. A U Band z is not adjacent (in C) to any vertex 
in A u B. lt follows that dc(z. x2 ) = dc(z, x3) = 1. Hence, z £ T(e). In fact, we 
have shown that</> =I= Sc(A) n Sc;(B) C T(e ). · 

Now suppose that for all v e T(e), ~· is adjacent to some vertex u f e U T(e). 
Consider again the sets A and B defined earlier. Take any z £ SG(A) n Sc(B). Then 
z is adjacent to some u ¢ e U T (e). We can assume, without Joss of generality, that 
u is not adjacent to x 2 . Therefore, u E A. This is a contradiction since z is not 
adjacent to any vertex in A. 

To prove the converse, let C be a finite graph with the property that for eve1y 
subgraph P4 = [x 1, x 2 , x 3 , x 4 ] each of whose end-vertices is not a triangulator of 
the middle edge e = [x 2 , x 3 J , there exists a triangulator v of e such that every 
vertex u that is adjacent to Pis in e U T(e) . Let G -+ -r ~ G'. By Theorem 2.4, we 
need to show only that G = G'. By Theorem 2.3 we know that C' c C. Hence, it 
remains to prove that G C G'. Let x and y be adjacent vertices in G.-We claim that 
these vertices are also adjacent in G'. If one end-vertex of the edge [x, y ] is of 
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degree 1 in G, say degc(x) = 1, then each SG(A) E r containing y necessarily 
contains x. Thus, [x, yJ is an edge in G'. So let us assume that degc(x) > I. 
deg c (v) > 1 and consider the following cases: 

Case 1. [x, y] is not the middle edge of any subgraph P4 , both end-vertices of 
which arc not triangulators of [x, y]. 

In this case we can assume. without loss of generality. every vertex v * y 
which is adjacent to x is a triangulator of [x, y J. Let A be a (finite) set of vertices 

in C such that y c; Sc(A). We claim that x € Sc(A). Suppose that x ¢ Sc;(A ). Then x 
is adjacent to some vertex in A, say u. By assumption, u is a triangulator of [x, y] 
and hence u is adjacent to y. This is a contradiction since y € Sc; (A). Thus, 
x c; Sc;(A). It follows that x andy are adjacent in G'. 

Case 2. rx, y ] is the middle edge of some subgraph P4 = [r, x. y, s J such that 
both rands arc not triangulators of [x, yJ. 

By assumption, there exists a triangulator v of rx. y] such that every vertex II 
adjacent to vis in e u T(c), where<'= [x. y ] . Let A. B be (tlnite) subsets of the 
vertex-set of G such that x E Sc;(A), y E Sc;(B). We claim that v E Sc(A). Suppose 
that v / Sc(A). Then v is adjacent to some vertex u EA. TI1e vertex u cannot be 
x or y since x q A and y ii A. Therefore. u e T(c) and consequently. it is adjacent to 
both x and y. 111is is a contradiction since x is not adjacent to any vertex in A. 
Therefore. v c; Sc(A). By a similar argument , we can show that v t: Sc(B). Hence, 
S c(A) n S c(B) =F ¢. It follows that x and y are adjacent in G'. 

The following Corollaries are immediate consequences of Theorem 3 .1: 
Corollary I . A finite graph G with girth g ~ 4 is not a topological graph. 
Proof: If G is a finite graph with girth g ~ 4, then there exists a cycle x 1 . x 2 , 

, x ),!' x 1 in G and this cycle has the shortest length. This cycle contains the 
path P4 ::: x 1 , x 2 • x 3 . x 4 and obviously x 1 and x 4 cannot be triangulators of the 
middle edge x 2 , x 3 . Moreover, x 2 • x 3 docs not have any triangulator since there are 
no cycles in G of length 3. Therefore, G is not a topological graph. 

Corollary 2. Let G be a finite graph. I f for every subgraph P 4 , at least one of 
tl1e end-vertices is a triangulator of the middle edge. then C is a topological graph. 

Corollary 3. A fmite and connected bipartite graph is a topological graph if 
and only if it is a star. 

Proof: A bipartite graph does not contain odd cycles. Therefore, no edge of 
a bipartite graph can have a triangulator. Consequently, a fmite and connected 
bipartite graph G is a topological graph if and only if it does not contain a subgraph 
P4 . Hence, G mw;t be the complete bipartite graph K 1 • 11 , i.e., a star. 
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