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ABSTRACT 

In 1976, K.M. Koh and Y.5. IIQ intrmJuccd and initl:li:cd the st ud y or a 
dass uf graphs which they ("ailed fl-HD ~'.r;lphs j BD stand .~ for block desi~n). If 
the bIj!:<,st cumplete subg:r..tph of'l graph (J has onkl11 and iJ thefe ex ist positive 
integers A\. ~2' ... ,).." such that each i-compicte SUhf'J3ph of G is contained in 
exact ly Ai distinct n-complctc subgraphs of G. then G is called an n-BD graph. 

The author. in the same year, 1976, introduced and studiL·d a doss of 
~raphs having s.(.lme sim ilar it y in stfLu;ture to the fi·RD gra phs. If G is a grap h 
who.~e lo ngest cyde is of length n and if there ex isl posirive intcF!crs h i ' .... 2 . . .. All 
sllch tha r cncll i-pJth in G lies in exact ly Ai distinct n-cyclcs of G, that G is C""JJlcd 
II n n·cycle 8D ~r(Jph. 

(n ti}is paper we charact erize n-crcic BD graph'i. SpecificaHy, we show thaT 
the cycle s of l eil~t h at least 3, the co mplete ~aph s of o rder at least 3 fi nd th~ 
complete 2-eq uipartitc graphs of order at least 4 ('·'Omprisc· all t he IH:ycle SO 
graphs. 

Introduction 

In this paper, by a graph we shall understand a finite undirected graph with 
n0 hlpS nor multiple edges. We shall use the symbol G = <V(G), E(G» to denote 
a grar' l G with vertex-set V(G) and edge-set E(G). 

In 1976, K. M. Koh and Y. S. Ho l3] introduced and initiated the study of 
/I·liD graphs (BD stand s for Block Design). A connected graph G is called an n ·BD 
graph if the maximum clique in G isKn and there exist positive integers A'[ , "2 , .. " 
A'l suc h thal each K; in G is contained in exactly Ai co~ics of Kn (i = 1 J 2 , .. . , 11). 
The 12"onstants ~q' /"2 .. . , , An. arc caned the parameter$ o f G. 

Fxample I. llle following graph is a 3-BD graph with param eters A1 = 4 , 

A2:=o2.A3=1. 
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We note here that the parameters AI , A2, AJ form a geometric sequence . Koh and 
lio [41 have shown that Ihe only n·BD graphs whose parameters form a geometric 
sequence arC the n.equipartite graphs. 

Example 2. The following graph is a 3-BD graph with parameters AI = 2, 

A2 = I , Al = l. 

The graph in this example belongs to a class of n-BD graphs associated with the 
sequence of parameters Al = k, A2 = . , . = An = I. These graphs arc studied by Koh 
and Ho[5j. 

In this paper, we shall deal with a class of graphs having some similarity in 
structure to n·BD gr,aphs. 

n-Cycle BD Graphs 

Let G be a connected graph such that the maximum length of a cycle in G is 
It If there exist positive integers AI ' A2 , . .. , An such that each path Pi in G is con
tained in exactly Ai copies of an n-cyde en (i = 1, 2, . . " n), then G is called an 
n-cyc/e BD graph. The constants AI ' A2, ... , An arc called the parameters of G. 

Example 3. The following graph is a 6-cycle BD graph with parameters 
AI = 6,A2 =4, AJ =2,A4 = I,AS = I.A6 = I. 



It is uw:n.' stint:, if; note lb:n the graph in this example is <II 1he $J1llE' limt: :.I ~A~D 

gr:l ph with par~\l\letcr s A! ~ 3 . A2 ::: i. 

TIIEOREM I If (; is all II-cyde IlO graph. rhe" ib parJl11cters ,atisfy tho 
lllcqllJlil.ie <.; Al .4:!-2 ;?; . , . ~ An ;;<: 1. 

j'r,)()/ Th<.H t'ach \j' ~ \ ('0110\\1 1; frorH the J {:!~ njti()n of an IH.:yde OD graph. 

We Ci 3ifll thaI if I :::; i <. 11, Ihen /../ >- ~\i + !. Consider a pa1h Pi + 1 :::;- [Ill > 1'2 .' ._ , 
l'i 'f 1 J. Til L-. fWlh is cOIHair1cd ill ex,re tl y Ai + 1 I.'upks l.lf (~/. rhc~·efo ri..' ihc path 
t1

f =- II' ! , 1'.:. _ .. l'd 1":; C(Hl! ai ned in a l IC>l.sr Ai + J cnpie:-. of Crl · Hence. Aj> Ai + I. 

TI-IEOHEM"2 L ..... t G he ~n n·cyde nD graph with pararne ll'fS A-i' -:\1 , " A.n 
and let G cont'Il!) ex,j'..'!·!Y AI 1 (,iJpies of CIJ' Then 

(' I A,,=iI' «(;j IAj !ll .altd 
tbl for I ~ i ~~j ~- n, cach path Pi is contained in exac.I-Iy (j . it 1)'Ad 

"A'j paths Pi' 

Proof (3) Ea...:h vertex in G is contai n~~d in exactly At copies of en' Henc-f , 
j V(Cj)l AI co unt s all the lI· cy •. :lc5- in G. H oweve r. each (',/ is countt..'lI exadly n time!:; 
s i ll~c jl ,:onl:l 111s c\u.;;tly Ii vertrLes. Hence. the total number of n-cydes in G is 

I V(GlIA I in. 
(b t Let I "..;;,; i ~~ j ~ n .:tntl denote by k the number of paths Pj containing a 

gin'll ~)<Jlh Fi . Thc iI kAj cou nts all the n-cycles cOlltainulg Pi' Now. ~ach cycle Cit 

is .: Icarly count ed exactly j -- i + I time s in the expression kAj. Hent.:c. Ai = k~/ 
U i+ j). ork ~ ( j i + I ) A;/A 2. 

CUROLL ~\RY. An n·cy~le BD graph with parameters AI, 1\2. 
regular o[v:.l]ellcy 2" 1/"-],. 

TIIEOREM 3. If G isan Il-eycle BO graph, then 'n = A,, _I ~ I. 

., hn is 

Proof Consider any path i'1/ ' say [J , 2 , ' . . , II). Since "An ~ I , Pn must Ji e in 
SOftiE' n·cycle. Iknee , f1 and I an: necessarily adjacent. It follows that P" lies in a 
unique fh.:y cle. namely! 1,2 ... " 11 , I rand $0 "/I == I . 

Consider any n·cyck. in G, say [1 . 2, .. . , n, I}. This contains the path l J • 2 . 
. , .. 1l-IJ with n - - I ve rtices . We claim tllat no other n-cycle (.~ontains this path . 
Suppo:-;e anotber n-cyck , ~ay t I , 2,. " n I. x, II. contains the path. Thus, 

n ·1 
- - - - - - - - _ - - -~ 2 

/ , 
~ , 

~ '-
2 

" - - - - - - - - - - - - -0 Y 
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x "'" I, 2, ... , nand An.l ;;. 2. It follows that the path [2,3, .. . , n] which also has 
n - I vertices is contained in some other /I-cycle [2,3, .. . , n, y, 2J, where'y * I , 
2, ... , n. If x ; y, then we get the cycle [1,2, .. " n, x, I] which is of length /I + 1. 
If x"'" y, then we get the cycle [1, n,Y , 2, 3 .... , /I - I, x, I) of length n + 2. In 
both cases we have a contradiction since 11 is the maximum lengtll of a cycle in G. 
Hence, An _J = 1. 

THEOREM 4. An II-cycle BD graph is hamiltonian. 
Proof Let G ; <V(G), £(G» be an lI·cycle BD graph and let en ; [I, 2, 

.. ., n, II be an /I-cycle in G. We claim that en is a hamiltonian cycle in e. Suppose 
that en is not a hamiltonian cycle in e. Then there exists a vertex x f V(e) , x"'" I , 
2, . _, n Since G is connected, we can assume without loss of generality that 
[I , x] € £( e). The path [x , I , II, II - I, ... , 3] which contains II vertices must lie in 
exactly one n-cycle. Hence rx , 3J € £(e). But then the path [3 , 4 ... . , n, 1] would lie 
in the /I-cycles en and x, 3, 4, . . " n, I ,x]. This contradicts the fact that An_I; I. 
Hence, e must be hamiltonian with en as one hamiltonian cycle. 

Remark. Theorem 4 together with Theorem 2 (aJ tell us that the total num
ber of /I-cycles in an /I-cycle BD graph is AI' 

LEMMA. Let [I , 2, .. " g I I and [I, 2, ... , I~ I] be g, and ,,·cycles respec
tively in an ,,-cycle BD graph e; < V(e), £( e» whose girth g is less than n. Then 

[j, j + g - 1] • £ (e) for i; 1, 2, .. " n. 

Proof We shall prove our Lemma by induction on j. The Lemma is obviously 
true for i; I since [1,gl € £ (e). Assume that [j, j + g - II € £ (e), where I <;<n. 
Consider the path [j + g,j + g + I , ... , II , 1,2, .. . j,j + g - I] . This path has length 

II - g + 2 < n and must therefore be contained in some /I-cycle. Since 1,2, .. . , n 
are all the vertices in e, then j + g must be adjacent to one of the vertices j + 1, 
j + 2, . .. , j + g - 2_ Since g is the minimum length of a cycle in e then j + g can 
only be adjacent to i + I, i.e. , [i + 1, i + g I € £ (G). This completes our proof 
by induction. 



(;~'rv;ldtJ. I1-BI) Glaplls '" - I .' 

THEOREM 5. Lei G be an ,H.'Yclc BD graph. Then G ha~ girth 3 m 4 qr 11. 

Prool Let {; be all fh::yclc BD graph with girth g, If g:;: II, then we're done, 
if g <. 11, k1 I I. ~ . . ... J.:. II and 11.2 .. , .. flo 11 be g- <lIltl n-cydcs respectively in 
(;_ All:\)Hiing In the ~)[el·t.'ding L"'lnlll~LI j. j + g - 11 E E{C) for j ='" 1.2, ... , /l. In 
p",ti"I1I,,,, 12, g + II € f:'((;J, H,'n,e [I, C, g + I, K, I J is a 4-(:y,le 1lI (i, It follow, 
Ih.1t g -= .' or 4. 

Wt' ate !l()\V ready W sl:ltc <till! pmve (lUI' Illuin result which i.:har:lcteri,-es all 11-

,.:yell' BD graph~. 

TlIEORl-'.\.1 6. A W:.lph G is all n.~ydL' HI) gr~irh if i.Jnu lmly If either G is ~l 

'~y"':!I~ en (.'/ ? .1 ), 01" G is a (Plllpt~t(' {!raph "1/ {r1 > -')_ or Gis J c,,:omplclc bipart!tt' 

~la[Jl! Alii IfI \\hh n =: 2m. "' ~">.: 2. 

fMO/ file prpoj ni' sufl"h . .'ienc), is easy ~lmi straiglltfor\v3rd. , Tl) prove the 
nCl·c:-.sily. k! (; he ~[\ Ih.yl.'i(' BD grJph. Ifg is the girth of G. thC'n either g is 3 or 4 
Ill" Ii. irg =- fl, then G is a I.:yclc Cu- Ifg<l!. thcng ~ 3 or 4. Lct l1sl'onsiJ.erthl' 
fulhliving lwo L';!SI'S. 

CaSt' 1. r '::: 3 < n Lt~1 l!. ~, 3, II :md t I. ~ . . . . _!t. II r..e .3 -·Jluj II-cydes fes
p'-·...:Iih·ly ill (;. Wt: I..·laim th.lt lhl~ Y('I[e;.: ~ is adja\.'cnt h-' rhi' wrtkes 3 , -+ . . ... 11 

Ck:lfly.2 is <lJjal..-cllt tll 3. :'\'iSUIlIC' thaI:: is ~ld'pl..'i.;nl (0/. whc!'e.~ <j < tl. C!}Ilsider 
l/1e p:lt h U. j I, . . . ,4 . 3. !. 11, n -- 1, ... ,f + 11. This h ;j path with 11 - I vertices 

:lIld !!lUst thcrcl"nre be conl:Jint!d in exactly one n-cyt.'1('. It follo\\'s t]lfJl j + I is 
;)(j.1:h:ent tu 2. lhb prcwl~s uur daim. by intiuctio..m, Since'; is aho adjacent to 1, 
[hell 2 is of JC~fCt' II - I. But we know th<.!l G is il regular graph. Ther~rore. every 
wrtc_\ ill (~. h<.! s degree II 1. Consequently , G is the complete gr:lph KJI. 

c,'" 2_ g ~ 4 <" Let [I, 2, 3 , 4, I J "nJ [1,2" , ,,,1, IJ br4- and II-cycles 
''''pe<livcly in G, We claim tl"t II is even and that U i + I] , [j. i +3 J. ' , " [j, j + n 

t I art:' edges of G for each j :::-. 1.1, .. '1 fl , OUf daim can be easily veritled in the 
case 4 ~ H ~ 7. Let us then assume that n ;>,. 8. Consider the vencxj:::: 1. We shaJJ 
prove by induction that the edges [I, 21, [I, 4 J. [I, 61, . ' , belong to G, Clearly . 
P, ~1 is an edge. Assume that 11, 2/1 is an edge. By our Lemma.lx. x + 3j is an 
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edge for each vertex x. Hence , the path 13 , It, n - I , .. 0) 21 + 3, 2f, 2t + I . 21 -
2, 21 - I , ... ,4 ,5, 2. 1 J whit'll has n - I vertices belongs to G. h follows that I is 
adjacent to 21 t 2. We have therefore shown lhat I is adjacent to all the eyo" 
numbered vertices. Consequently, n is even for otherwise we would get a cycle of 
length] in C. We have already show n that for j ~ I. the ed~"" I j , j +1 1, r j, j + 31, 
. . , are alt in G. Exactly tlle same argument can be used for i::: 2, 3, . . " n. 

Now, let A be the set of all vertices in G with odd labels and let II be the set 
o f <111 vertices with eve n labels. Our result shows that each vertex in A is adjacent. 
to each vertex in B. Fur the rmore, sinec the girth of Gis 4, thl.! vertices [11 A as wen 
as the vertices in Bare mutua.1ly non-adjacent. There fore (; js a complete bipartite 
graph. Since we know also lhat C; must be regula;. Ihen A and B have tlie same 
cardinaHry. say nt. Necessarily: m ~ 2 since G has cy dcs. Therefore, 11 = 2m where 
m > 2 and G is the complete bipartite graph K m,m' 
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Rolando E. Ramos, L>iscussmlt 

(n the paper entitleu "n-cycle Block Oesig;l Graphs", Dr, Severino V. Gerva
do intrndul,;cd the cOJl\:ept of n-cycle 130 graph , Then Dr, Gerv3cio showed five 
properties of n-cyck BD graphs. in particular, an n-cycie 13D graph is hamiltonian, 
Finally. he characterized th..::se graphs. 

Firs.tly . whut is nile signilkance or Dr. Gcrvacio's results? These resulis have 
pJ'actic~lI applications. For example. suppuse a real est:Hc developer wants to build a 
resort. For one reason or anothcr ~ the resort should have four realures, say, a golf 
COUf!ie, a tennis cuurt, ... swimming pool and a massage clinic. and there should be 
exactly six ways of tt)uring it. In other words, the developer wants to COf1siruct a 
4-cyde BO graph with parameter AI = 6. FrClm Dr. Gervacio's results, the d~sign of 
the resort should he simila r to the complete graph K 4 _ 

Las.fly. what rcscardl problem can we formulate from Dr. Gervacio's paper'? 
Let liS define H-path BD graphs as follows: a connected graph G is called an n-path 
BD gruph if a longest path in G is Pn ami there exist positive integers A1, 1\2, 

A,/ such that e:ich path Pi U -= 1, 2 ... . ,11) in G is contained in exactly Ai copies 
uf PII _ Our prohlelll is to charat.:teril.e TI-path BO graphs, that is, to find a necessary 
and ~uffjd~IH condil.ion for <l graph to he all II-path RD graph. In solving this 
problem , \V~ Ci.ln rolJuw the approach of Dr. Gervacio's paper. 






