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Ahstr}lct 

Th'--" tldJ~Ii. I.,Jt .. r uidlft.t of H gr;..ph (j w1Lh vcrtl((·~ \ l l, u2 .. . .. t•n IS lh-:.· u;c;n 

rn.ouu :\ f (; )"' Ia;;) . wh<'h' "•i =I if \!1 ami''! ar,· adjm:,·ur. .on•1 11 1j = llolh<!rwt~c. Jh,· 

!lr~ph c; i., said '""" s111gttlot t' II A(G.J · ~ Sllt)' Uiar. t.l' .. Jet .-\{C;} = \1; olh~rwis,·. c; i.< 
.1\;tid t n h~ lltJII - \ IJJ~U!clr. 

I he Cart<.">l<tn pwducl o f I WI> ~r.ophs ( i auJ II. d,•noo,•J hy I i ~ I I. m<r ~ he 

'\ llt ~u iar or nvu ~ in~ubu . ind~t"lt.·rakntty \ lf fh ~· ~jn~ularuy ;,r nnn-...: m,!o!u iarity ol f; 
an J II 

·n .. · graph with 11 \'Crt tc.·s where ..-a,h vert.-., t< auJ"t:cnt ll> •It ~ rcltlatning 11- I 

h'rlh·,•.< 1~ calkd th" complete ~rdph of o rder 11. J ,· ucot,·<l l•y K,. II is km>wn ohal u<'l 

·\(1\0 )"' 1-lt" "1 (11- l l and hc nc,· Kn ' 'non-singular nnl y wh~h 11?: 2. If c; i' .m ~· 
Hra ph . w..; pro,·~ that (;x K" i' .<inf!ular it am! l>n ly 11 I or 1-n j_, an ,. ;~,·nv :liu ,· "f 

,\((;/, In r·•rli•:Uiilr, WI." , hnw !h ill the !':11'11:8i:lll prudUI'I of lh(' .:y-.;1<: c., ctnJ lh·· 

LL>IIIJlkh: ~ r:t!lh K". 11?. -l. is singular i f and o nly if m = (} tmnll (,). W,• :tl«l pTL>"I! I hal 

dl'l AIK",xK.,) "' < -2 )1 m-l'<n·l\m-21"- ! (tJ- 2J'"" 1 tm+n-~). A' a ,·orullary. K'"~K, i.< 

'ingul:tr if a nd only if m= 2 or n=2 or m=n~ l . 

Introduction 

By a graph (j we ~llall underst;md a pair <V(C:i). E(CiJ>. were V!U! i~ :t 

linitc. llllO-emply ~cl of c lcmems called l'f11ices and nGJ is a SCI of 2-subsets 
of \'( (jJ whose clemcms arc called edges. The nnmhcr~ 1\'IGJI ami !J:'((;J( arc 
called the Mder and she of G. rcs~cJively . For simplici ty. an edge {.r. v} will 
he written as xv and we shall say J11a1 .r and v arc ,utjaant. 

If G is a graph of order 11 having vcrtin:s J 1• x1 . .. .. x
0

, we dcfinc the 
adjacent malrix t>f G to be lhe nxn matrix Ia;/ where II;J = I if .t; and xj arc 
mijacent; a,

1 
= 0, otJJCrwisc. The graph (i is said I Ll he si11g11lar i f Af(j ) i~ 

singular, i.e .. ucl ;\((;) = 0; otherwise, G is said to he non-singular. 
The path of order n, denoted J>w is t.he graph wil11 vertices x 1. x2 ..... x, 

and edges X;";+ 1• i= L 2, ... . n-1. It is easy to prove that. J>, i s sing ular !3. 8! if 
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and only if n is odd. The cycle of order n ~ 3. is the grapl1 obtained from the 
path f

11 
by adding the edge X

1
r\' 1. lt lS kllllWil l -~• l'Si tllat C

11 
is ~in gular if and only 

iJ' n ~ 0 (mod 4). Tht: complere grapl1 n f tlnkr n, dc nol.t'd by K
11

• is the graph 
with Tl vertices such that every pair of distincl vertices forms :u1 edge. There are 
several ways [3, 4 , 6, 7] of showing that de l A(K) = (-l )rr-l (n-0 and hence, K,, 
is non-singular if and only if n ~ 2. 

The Cartesian produci or two graph~ (j and !1, denoted by <Jxfl. i~. t.he 
graph with \'(CixHJ = V(G) x V(H.I and where two venin~s (a,bJ anu (c.dJ arc 
adjacent if and only if (l) a"' c and f1d E E(H! or (2} b = d <UHI acE l:'I<.Ji. The 
Cartesian produc t G x H is ea~ily constructed as folluws: Con~ilh.:r the: graph H. 
Re place each vertex of H hy a copy <3. If {.; 1 anti G2 are l·opies 1.11' ( i corn..:
sponding 10 adjacent vertices in H. we join hy an l'U~c each v~:rtex of U 1 to thc 
con·esponding vertex in G2 . The gmph constructed in this manner is GxH. In 
th.is contruction, the roles (lr (i and fl may be iutcrchang:cd since <_;xi 1 is 
isomorphic to ll x (;. 

Three of :he mo~-;L frequentl y swdicu graphs arc Pw C,. anu K,r Cnnuitious 
which arc both necessary anJ sullicicnt. for their :-ingularity an: knnwn . !low 
ahoutlhc Cane~ian product or two ( 110l lll'\.'l~SS:tril y in Jiffc~enl dassc~) o f thc~c 
~raphs? The charactcri1.ation nf singular graphs in each 11f th l' clas~cs ~'m x P,;• 
C,x P

11 
and C,>,xC,

1 
has bee n comrlcldy -;olved l'il. A~!palza ;;nd CiervJl'l" [ll 

proved thal P
111 

x K
11 

is singular if and only it' 111 = 0 I mod 4). We study ncxi the 
graphs cl!! X K,,. em X K / is c /11 and s ingular c,),'s have hcc n Cllilfal'!Crizcd i ~ - 7. 
XJ. C

111
xK:: is CmxP1 m11.l U1is belongs LO llH.: class C,7,x.Ptrof whh.:h th'~ si ngul;lr 

graphs have hccn identill.cd !51. Cmx.K~ == Cmxc, and this is ..:own~d ill Cm:-..C11 

[51. Thus, in~ofar as C, x K
11 

i:-. Cl)Jlt'c rncd, tlte only Gtsc that remains i~ n ~ 4. 
Agpalzu II] proved C, x K-t is ~in gular if and unly if m :: 0 (mod () ). 

~lain Result~ 

Lemma 1. Let I' and (j /Je r x r mw rices clfld let lvJ be an 11 x n IJ!ock mal rix 
with diagonal cfcmcms all equal l o / 'and ulf ot her dement.i r' t.tuat ro Q. '/Jli!.ll 

J e t M = J et t.P + (n-1 JQ)(dct rP -QJ)11
•
1. 

J'ro£~( Wr.: perform e lementary operations \Hl U1e (block) mws a nd (hlt)t;k) 
columns of M a -; fo llows: Add each of tbc Ja ~t 11-l rows of M to row I. This 
yields a matrix Af' when:• t'at:h entry in row I is equal roN=?+ (n-1){} as 

shown in Fi!!me I. 
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(~ Q Q R R T< 
p Q Q p Q 

() Q f' Q Q p I -~ -+ 

\~ Q Q Q n 
>-· Q 

M M' 

1-'igure 1. R "" P + ! n - I ) Q. 

In M'. suhtracr col:mm l from column j for euch j ~ 2. The resulling 
ma.u-ix is a (block) lower triangular matiix l1J " whose entries in the main diago
nal arc P + <n- 1 )Q, P-Q, P-Q, ...• P-Q. Therefore, clct M =del M ' =del M " = 
dct (P +(rl - l)Q) (del (P- Q))n-I • 

Corollary. Let A be an nxn malrix whuse diagmwl eleml!nrs ure all erjual 
to,.. and a{{ other elemcms erJtWI to q. n zen dc1 A = IP + ( n-1 ttJ)(p- q }11

"
1. 

Obst"rvc tliat A( K
11

) satisfies the conditio ns in t11e Corollary with p=O and 
rp= l Therefore. Jet MK

11
) = (-l)11

-
1(n- l). 

Th~onm l. Lr:i C he u graph. Then G x Kn is singular if and onl_v i( I or 
1-n i.~ WI eit:envairH' (J( A(G ). 

Proof: Let IWGJI = r. Then A(CxKn) is an nxn block matrix which 
contains only A(C) iu tt1e diagonal and the rxr ide-ntity matrix I else\vhere. By 
I .emma 1. clet A(GxK,) = dct (A(G) +(n-l) l)(dct(AIGJ - /J ) "- 1• Thus, det 
A(Cix K

11
)=0 if aud only if I or 1-n is itn eigenvlliue of A( G). • 

Theorem 2. Let " ;::::_ 4. 11ur. (~, x K
11 

is singular U and onlv (( m::() 
(mod 6). 

Proof: By Thcor~m I, C
111

xK
11 

is singular if and nnly if I or 1-n is :m 
eigenvalue of ArC,/ Tlu~ eigenvalues [2] of A.(Cm) are 

~ - \Y + w(m- 1 )o s: - I " nl r'-0 - S ~ v ~- ~ ""'• ... , 

where w = ~osll!. + i sin .f.ll. . Therefore, A..-= cos 2r.S + i ~ in 2n: ii + cos ln:(m-l)o 
m m <> m 111 m 

+ i sin 2n:(m-l)o = 2 cos rc() cos rr(m-2)~ It is c lear that 12 cos no cos rr(,~• -2 )0 I <;; 
1n 1n. m 

2 and hence, A ii :1= ! -n . Therefore (~11 x K, is ~in~ular if ;md only if ).8 = 1 for 
some I> l ~. f> ~ m. We shall show that ;1,0 = i if and only if m::;: 0 (mod 6). 

First, let Ax:::: I . Since cos no "" ±I, we 1nuch h...we cosrrtm-2)~ = ± Y2. This 
v !1t 

implies that n:tn,·~ 2)ii == ± .It.nk for some integer k. Cancelling 1t and c learing of 
fraclio11~, we have 3(m-2)l5

3 = ± m + 3mk ~ m(3k - 3o ± 1) + 6c5 = 0 => m = 0 
(nwd 6.) 

Conversely, kl m :;;; 0 (mod 6) . Taking 8 = m/o. wt• have As ::: 2 cos rro X 

co~ _rr(n:~2)0 = 2 cos 1tO cos (no -1-) = I. • 
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Theorem 3 . For m~ I , n ~ I, det A(Km x.Kn) = (-l)(m-l)(n-l)(m-2)m-l 
(n-2)m-l (m + rz-2). 

Proof' Using Lemma ! with G = Km, we have 
det A(KmxKn)""' del fA(Kmj + (n- 1(1 (del (A(Km)- mn-1. 

Uy the Corollary ll> Lemma 1. del (A(Km) + (11-l l f) = (n-1 + m-1 ) \11-2)111-
1 and 

del (A(K 111 ) - ll = (-1 + m -1) (-2\m- l _ Therd,>re, del ArKmxKn i = 
(-2)<m-1)(n-l) (m-2 )11-l (n-2)m-l (m + n -2). • 

Corollary. K111 x Kn is singular if and (m/r if m = 2. or n = 2. nr m = n = I . 
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