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ABSTRACT

Some group decision rules that do not automatically satisfy Parcto opti-
mality can be modified to do so by representing the altematives in terms of
lexicographically ordered vectors that depend on the feasible set. Certain con-
ditions that have been considered as requirements for consistent group decisions
might then be violated however. Less restrictive versions of those “consistency
conditions’ are proposcd.

Introduction

A number of propositions in the literature on sociul choice - the Chernott
(1954)-Sen (1977) Property a and Plott’s (1973) path indecpendence among them -
have been proposed as desiderata for consistent group decisions. In this paper we
propose less restrictive versions of these ‘“‘consistency conditions™ that confurm
better to the logic ot these requirements. We will describe an internally consistent
graup decision rule which violates the consistency conditions but satisfies the
revised versions.

Preliminaries

The feasible alterngtives constitute a nonnull set 4 in the set X of all possible
alternatives, and a rale o procedure fis needed to determine a nonnull subset t(A)
as the group’s deasion oo chogee set. Each person & = 1. .. rin the group is
assumed to have o pretermee svstem UK for cvaluating alternuatives x. V. .. . 1n X,
Fraom a knowledge of (7 ne can infer whether or not xPhy ik prefers X (o v).
Putting xRA1if and onlv i —vPYx_where - denotes negation, RX is ks ordering
relation (reflexive. compl te and transitive) on .\’;RAA' is his ordering on .4 Writing,
TURI= (UYL ey s short for S DR D).

We will say thatan crdering relation () on X is nondictatorial if there is no &
such that (0, _ R,’}’ for all 1.

Asswmprion 1. There is a nondictatorial Q on X that is determined by (LK1

An example is provided by what Sen (1977) calls the “majority closure
method.” ie. the transitive closure of the majosity decision relation. which would
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“m
for 0= 1. .om-1.z gets at least as many votes b the group as =+, does i a

have xQv if and only if thereexist = ...z, € X such thaty =2y v =z . and

pairwise comparison. The problem however s that this method allows a Pareto
inferior alternative to belong to the choice set (Ferejohn and Grether 1977). As
usual. X s Pareto infertor (or. simply - inferior) in U F there s a v 2! such that
1'I\‘\/‘ for all & and Py Tor some 4, inowhich case v donnnates v (or v/, o order
to rule out dominated alternatives in /G1). we can enmiploy wsimiple deviee,

Assaniprion: 20N vt and only ar the tirst nonvanishing component ol
i I(‘\‘) K () s positive, where P =@ g ), I"4 () =11 v s undomi-
nated in AL O otherwiserand ¢(v) = (o) Hand only ibx Q.

The tfunction g is cither real-valoed or vector-valued: i the latter case.
() () means that the st nonvanishing component of g(v)  g(r) is positive,
te. the go)s are ordered lexicographically. Putting xR v il and only it - 18

Assamiption 3010 =iv e AT ve A R

Noiing that pot every voin 1 can be miberior it o1 s o closed set wihiehi we
assume. the fexicographic ordenng ol the aliernatives by Assimpuon 2 assures o
ponnull /() containmye no domiated points, T erfect the procedure i Assump-
ton 3 wenld have twestages faid 7y whereby st seledts undeminated
points alter which /5 then picks out the choiee nvaceordance with ¢4 Speaticaliy
Jdeline

Ay o= G F v cAaEY el Dy

ARTEFAT S N B S P N PR VRS
Then S0 = ¢y Gy = s Sapplementne the ngority doseresmethad with
the £y stage thus climinates infenor alternatives o m its /G100 I the nest section
we desarthe wiude satistving the Asstiptions whiere the ordernng by ¢ s seii fexi-
copraphic, hut st we aote sonie consequences ton ket uses Chemma s obvious:
Vs Japreatest ina set Bt xOv forall vm B

fommig Lo 0T Bothen i is (rgreatest B i (Crgreatost il

fovina 2000 Bodhen 4 0B 0
Siee POy siv e Y e e Do and o B &Y e B v
ive 1AW L Sy hodio b s owe eet Lenmna 2

Lemna 3010y e Ay T Ry and DB then v,
Sappese the hyvpotbhesis v trues sothat Vet B theannse 8, TRV) and
Vovoo B Steee Ay OB v s Qheatest inc s by Lo T Henee voe 1
cwen thar v e Ay,

Lemma 4. fy (1 WBy 1T [ LB
Asstunie v ¢/, (,.{_, U B5) Then v e s U By and Vel LBy xOr, Sinee
Ay U By = f o VooAy vOQziUyv e B Voo By Oz Tallows din
NeA U B ad Vo Ul v

Lenuna S0 1w e A UGB andx s Q-greatestin .ty U8, thenve d U3,
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If the hypothesis is true. then xQv forall v ed, UB, = v € 4,1V z €A, wvQz)
UiveB|IVzeB;:vQzt. Soifxed; UB,, we have x ¢4, UB,

A Group Decision Rule

Consider a committee whose members evatuate the alternatives in terms of

the same set of criteria ranked in the same order of importance or priority. To each
x corresponds 4 vector w(x) = (1) (x). 145 (x)....) whereug is a numerical function
such that w; (x) > (v) if x is better than v in terms of the 7th criterion. While w(x)
is the same for all, different members may have different standards of acceptability
with respect ta any particular critetion: Derson k conSIdcrs v acceptable as regards

i

the th criterion if and only if w;(x) >u * Writing q,(\‘) =min Greg (v) *) and

gk (x) = (g% (x). qﬁ‘ (x)....), we assume that xPk vameans gk (x) > gk (v ) Person
A's ordering is thus determmod by wh*® = (uk* 1k * 0 )oso that different members

would have different orderings in general.

To obtain a decision rule under the Assumptions. we need only define g(x) =
(¢4 (X)) ¢H(x), )owhere gi(x) = min ;w (v). u"l“ and w0 s lhe median 1k *
assuming an odd nmnbu of members. The rationale tor delmuw u as the median
is that by Black's (1948) theorem on single-peaked preferences, it is the only choice
Tor u* that can win by simple majority rule over any other “candidate™ for ”1*
(Lnedmacion 1969). Writing |k *! = (! %, . un™) and wr stk
thus determines %, giving the ordering relation QO on X in advance of any: feasible
sl Ao Given A, Lk *! also determines SRAL which is needed only 1o eliminate
inferior aliernatives to get A4, = [ (A). and ¢, then automatically yvields /5 (4))
=1 (1), Schematically

Juk T -

| !
L RE 0
i |

\

: \‘ =Ry )

-

where \/\'/‘: and @ (through o) determine /\’ S The JCA i Section 2 s given by
ks i the decision ele described. which \\c will dumlL by . To be sare, f»
imvolves special assumptions, but we need onfv a counter-example to the con-
sistendy conditions, We only clam that /% is internally consistent and nat patently
aureasonable. which will serve for the purpose.

P might be noted that /% does not requive an ordering velation K on ¥
that suffices to yicld R4 given AL contrary to Arrow’s collecuve rationality con-
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dition which would have such an R in place of R in Assumption 3. Arrow’s
argument is that such a transitive R would make the group’s decision independent
of the particular sequence in which the feasible alternatives are presented for choice:
“the basic problem is . . . the independence of the final choice from the path to it
Transitivity will insure this independence: from any |feasibic set] there will be
a chosen alternative™ (Arrow 1963 p. 120). But clearly. transitivity on A and not
necessarlly  on - A would do lor the purpose. as in Assumption 3 Collective
rationatity, which demands more than is really necded. is an unnecessary require:
ment.

Related to this point. Arrow’s (1963, p. 20) argument for his mdependence
of irrelevant alternatives (HHA) condition is that the group choiee .4 should be
mvariant with respect to changes in RA Crowhere Yodis the set of ¥s not in
A, One could accept this requirement as reasonable. but Arrow’s formahzation of
it inakes R uniquely determined by ;I\’ﬁf
mtended because ol the Arow formar wherein & is uniquely determined by JRES

which demands more than what was

)

. - A . . .
We observe that /(1) depends only on R and 0 and in no way varies with
R voq Fhe /* rale is thus in conformity with the motivation behind HA hut

obviously fails it becarse 1% (-1 depends also on O I our view HA in requiring
more thar what is caticd for. m unnecessarily restrictive.

Consistency Conditions

Ler ¢ obe w group decnsion rule, soserving the use of £ or one that satistios the
Asstnptions, Plort (19733 has pointed out that i1 path andependence (the inde-
pendence of the final charee Troay the path to 307 the Hteral sensey s the obyee-
Hve O Lransitvity s one aay even dispense with the latter ¥ pats mdependence vanr
be had withour it He has proposed o Tonmali-aton ol this property

Pathc indepondence (PO 10 A =80 Cothen gCLy =g (By L g () )

Croardy £y s path idepeadent in the Hireral sepse sinee /\”1 Pransttive . Vel
i violate L Since PEimplics Propety an o violution ot aowill also sk failieee
ol lf

Propertv a1 SR then A Ogt3) CgA,

This conditton has heen comidered as o lundamental cansistency rcauirement
of choice™ by many writors: see the reterences aited by Sen (1977 o 67) and
Kelly C1O780 po 260 n 20 Butsippose /* applies and consider i i where the valhue
ol uf*’ i mdicared on the o axas by thie omeral & Person | has 15"“ Sl
s he refers 2ot v 1o e Person 2 oconsiders all three alternatives aceeptable as
regards ooy and he prefers 1 Lo 2 ton onacconnt of 2oy Person 30 who discrinimates
dong the alternatives in regand o s, prefers 2 1o o x, The group’s w® s such
that ¢tx) > gr) > ¢(2) because ol 1y LetAa= v voand B= x. vz Then 1#
1) =0 but M¥(B) =, because ZDx, so that a is violated by ¢ = 7*,

The idea behind the 27 condition isthat the choice i =B U C should come
from the choices in B and Cand should not depend on how 4 is disaggregated into
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Boand C But this means thorar the condition & to be reasonable. the clioices 1 8
and C should qualiy ac possible chorces in the brger ser 1 which requires under
e Assnmptions thut they be undominated i 40 A revised version of P£tolows
rem the Assamptions,

Theorem PIY W A4 =38 0C& BT A & N(C) C A |- then /) = 10U
[N NTORE

Procf. Sappose the hypothesis is true. First we show that 7010) C (i)
SO ) Clearly A 2 8 W Cp Henee 30 ¢ J01), then e Ay vis Q-aicatest in
Ayoand v By U CpAdsoc By UG, C oA piso thar x i Ceereatest in By 0 Cs
Sy Lomnna T This with voe [, 0 Cpoand Lomma S gives voe 55 L Cyoand theve-
foie v e ‘/'(Iil WOy To show [(HBYy L () € fi4 s suppose X G Wiey

Vs means Ve By 0 Gy and v egreatest in By W Gyl Siee By W Cy Tl owe

duve accby sothat v s 0 is Gopreatest in AL This 1o se by Lemnia ostice

A B U Cpand vas gegrcarest e By UG by Penema s Tromy e Tuct ti
Yoo BBy U Chand s Q-greatestin B, U Cy

The mtionale tor o i that an altenative chosen in Bt suill avaadably when
the feasible set has been reauced to AL shotdd be among those chosen in 4 beaise
1ok thest e the darger setwend should thererere be best also i the smaller one.
[his would seem reasonable enough. but i mphcitly assumes that the choices in
A guaddy as possible choices i B, which may not be the case. Making this assame
rion explicit,

Theorem o . A4 < B&NAYC By then A 7 1{(B) C 1)

Proof. Let the hypothesis be true. The conclusion s faisificd il and only 1f
there is an v osuch that v e d N By & ~ v ¢.1, Suppose such anx. Since 4 & 4,
Lemma 2 gives 4 VB C Ay so that x € A NV By smee v e A NByand By 5B,
=B, Butd, C By from the hypothesis, and therefore x € A, by Lemima 3, contra-
dicting ~ v €4,
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Four related conditions may be discussed together. Condition § + was intro-
duced by Bordes (1976). B by Sen (1969), € by Blair (as reported by Sen (1977,
p. 69) ) and & by Sen (1971). Since B+ implies 8, § implics €, and ¢ implies &, we
need consider only g+ and &.

Property B+ WA CB & A Ng(B)# ¢, theng(4)C A NgtB).

Condition 6. Ifx e g(1)& v e g(A) & A CB. then( ;x| FgB)& Vv F¢g
(8))

Suppose x is inferior in B and v is not. Thenx! # f¥(B) but, v\ = f*(8) is possible,
showing failure of & and the other conditions. These conditions put requirements
on alternatives chosen in 4 when the feasible set is enlarged to 3. As with //
and «, they fail to hold because of the possibility that an alteinative chosen in a sct
may be dominated in a larger set. Restricting this possibility, the revised conditions
become theorems as shown in the case of f+.

Theorem f+'. 114 CB & [(4)C B, &A N U3 # ¢, then f(4) C A Of(B).

Proof. Suppose there exists voe A4 MY(B), and suppose x € 1 T B and x ¢
S1A4). Then xois Q-greatest in A and thercfore xQv since v € A, so that x ¢ J(13)
since v € f(B) und x is undominated in B given the proviso that f{4) T K. Hence
xeANfB).

Sen’s (1971) Condition v, which is equivalent to the following statement, is
quite different from the others as it tolloves from the Assumptions.

Theorem y. W x € f(A)Y &~ € [IB), theny € (1 UB).

Under the hypothesis, v is m Ay und in £ and Q-preatest in A and in 5 there-
fore x ¢ 4 U B} und x is Q-greatest in 4 U B, gwing the conclusion. The reason
for the difference is the fact that the hvpothesis of ¥ does not altow x to be inferior
i any of the sets considered. Plott’s (1973) Axiom b, also called the Generalized
Condorcet property by Blair e al. (1976). is a weuker version of y and thercfore
also true.

There are other consistency conditions - Axioms 1 and 2 ot Plott (1973)
which are variations ol the P/ condition. a - of Sen (1977) and B3 of Batra and
Pattanaik (i972) which are weaker versions of a. and 5% of Richelson (1978}
which is a weaker version of & ~ that are failed by /*. but suitable reformulations
are conscquences of the Assumptions. In cach case. the needed amendment is
simply to make the alternatives chosen in smaller sets qualify as possible choices
in some appropriate laiger set.

Concluding Remarks

Noting that Properties ¢ and B+ together are equivalent to Arrow’s (1939)
Definition C4 of a rational choice function, the consisiency conditions are com-
pietely straightforward requircments on an individual’s decision making: they are
implied by the cxistence of a preference ordering (Arrow 1959 Theorem 2). They
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are however less compelling for group choices because of features in the latter
which arc absent for an individual, in particular. Pareto properties of alternatives
depend on the feasible set. While it is guite correct to say that one cun infer an
individual's choices over larger sets from his choices over two-clement sets. this
ity not hald for the group, for if the Parcto propeity of an aternative is con-
sidered impartant. group evaluation of an alternative may vary with the feasible
ot Using the £ jule detined in Section 3 we have shown possible conflicts between
Parcro optimality o5id most ot the consistency conditions (the a and g+ classes
in contrast to the vy class). accordinely we weald prepose revised conditions whick
interestingly enough 2 consequences of the Assumiptions in Scetion 2.0 Group
decision vales that satisty the consistency conditions obviously satisty the proposed
sovisions, so the Jatter sre less restrictive.
Honught be argaed that instead of abundoning Property a. which seems
cenerally considered to be Tuindsmental. and replacing it with o’ one conld cqually
olf retain o and rojeci /M ax Cunreasonsble” {Indeed that was the reaction of o

conder of an earlier Jalt of this paper ) But /¥ is internally consisient whiic a s
supposed 1o be d necessary condition tor consistency. Given any feasible set A1,
SECE s denved from aselation which s nondictatorial and transitive on 1 henee
~ath independents morcover. (1) is Pareto aprimal and independent ol alier-
natives outside A Sueh properties would seern 1o be both necessary and sufticlernt
for g vadid counter-exarmple to a. Also, the onby differcitcs between aand ' is that
ihe Laties makes explicit what must be wnaplicitly assumed by a it Pareto optimaluy
wonecessary . vz thae the cheices in the smaller set qualify as possible choices in
e larger set Clealv we have o conthicl here between Parcto optimaliiy: and «a
ahich i resolved by o and we would conclade that o' 5 the more reasonable

reqQurenent,
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Fr. Bienvenido F. Nebres, S.J.. Discussant

I used to be hesitant about discussing applications of mathemuatical logic to
virlous sciences. The reason s that these applications scem so csoteric. However,
I recent years we have scen the anguages developed in mathematical logic having
more and more importance in various aspecets of computer science. It seems io e
that present etforts at fonmalization ol aspects af rhe socal seiences con help
cormputer modeling o sacial science-type sitnations,

I would tike o thank Dr. Eacarpaeion for avery mteresting and well-writien
paper. My oniy regret s not having tamiliarity with the earlier literawre on the
subject. Thus | cannot properly weigh the arguments in Gavor of the moditication
o' of propenty a. However, 1 tind the presentation clear - i particnlor. breskine
up the steps in the constiiction ol the chotee function so as to explicitate the
cliration of dominated points first This then casinies the introduction of the
additionad condition

1B T ()= B8y)in Theorem Pl (Theoiem ).

What I tound  more intriauing from 2 mathenanea! pomnt of view
wis the “unreasonable™ tunction /™0 According to Do Encarnacion. an carlier
reader sugeested eeiting rid of functions such as 7. Mathematical experience.
however, shows that such unreasonable functions otten hold the Key to o deeper
understanding of o theary. For example. that most unreasonsbic function. the
Dirac S - function. wising trom physics opened the wiy to the theory of
seneralized functions (distributions) and a new era in analysis and pamtial diiteren-
tal equations I'would just like to indicate one dllL.bIlOl‘ which * brings np:

Person &'s ordering is given by gk = (([A (/, (/ ) and on caleulation:
q' )>qt (v >qt ()
G2 (V> g () > ()
32) >3 () >4 (x)

A naive” look at the orderings of choices would indicate that z should be first, v
second. x third. That is. the ¢ function should give: g(z) > g(v) > g(x).

As a matter of fact. the g-ordering is the reversc: (1> () > q( . What
happgn\’ The definition of g is dependent on the ¢; and on the medians ”1 ot u'
u' * ¢ the criteria for acceptability. In the case of the choice function f*, llu
mcdmns u1 dampen the contribution al the g;'s

Of course, the question raised by this dlscrepuncy between the individual

choice functions ¢% and the decision rule ¢ for the group is no jonger one of
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consistency. which is the concern of the paper. [t is a question ol correctness of
formalization. One of the central questions in theoretical computer programming
today is correctness of programs: How do I know that the program I wrote does
what I intended it to do? Similarly, in our case. the discrepancy between the g%
and ¢ raises a question of correctness of formalization: Does the construction of
the ¢ and g do what we meant them to do. i.e., give a mathematical formalization
for informal decision processes? More precisely, are there other ways al construct-
ing ¢* . ¢ (for example, using a different u:-* than the median) which avoids seeming
violations of intuition such as comes up in the function f*?

In any case. | would like to thank Dr. Encarnacion once moie tor this paper.
b hope 1t stimulates greater interest in the challenge oi” developing muatheratical
formulisms in the sacial sciences





