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ABSTRACT 

Some group decision rules that do not autom�tically satisfy Pare to opti

mality can be modified to  do so by rep resenting the altcmativcs in te rms of 
lc:-; ico).!raphkally ordered veL:tors that depend on the fcasibk se t .  Certain L-o n 

dition s t h at have been considered a s  req uirements fo r consi s te n t  !!TOU J' dedsions 

m .i�ht then be violated h owever_ Lc:ss restric tive versions of those ''consistency 

conditions" Jrc proposed. 

Introduction 

A number of  propositions in the literature on social choi..:e --- the Chernoff 
( 1 9 5 4 )-Sen ( 1 977)  Property a and Plott 's  ( 1 97 3) path independence among them -

have been proposed as desid erata for consistent group decisions.  In this pape r we 
propose less restrictive ve rsion s of these "consisten cy conditions'' that con furm 
better  to t i le logic of these requiremen t s .  We will desc ribe an internally consiste n t  
group decisi,m rule which violates the consistency con ditions b u t  satisfies the 

revised w rsion s .  

Preliminaries 

The reasihk :d tc r t t :t t. i \'c� ,;onst itu tc a nonnu U set A in  t lte se t X \l r aU possib le 
: t l!<:rn a t i v c s .  and � �  r u le < ' !  , H JCcd u rc f is  needed t o  d .:: t e r 1 11i.nc a rwnnuU su bset f(A) 
as  the  group-� <kci s t < ' i '  • , .  , o JoJce se t .  Each person k = I . . . . , 11  in thc group is 

:tSSlll l lCd t o  l t : t\'C � �  p t"L' I ·,_. , ,_. I i ·. · ·· system (lk fo r e valuating :J i tc rn a tives X .  l ' ,  . . . in X. 

Fmm a kn owkJ�c u f  t ' 1 · ·ne can i n fer w h e t h e r  or not .xP k_l' lk prc fers x t o _�·) _ 
Pu t ting xRk , . i f  anJ •mly i f  -- rPk x .  where - denotes negat ion , R" is k 's o rde ring 
relation (rd le x ive . cut 1 1 ph tc  an d t ran sitive) on X:RA k is his o rdering on il Wti t ing 
: ck � = (U l . . L'" ) . _ti . l ) s �h o rt fo r j(.·t.: lJk : )  

We will say t h at ;Jil , , rJering relation Q on X i s  nondict a t orial  if there is no k 

suc h  that (!A = R 1 for all .-t 

A nwnpriu11 l .  T l , c re is a nondic ta torial Q \lll X t h a t  is de te rmined by : ck : . 
An cx:unplc i s  p ru vided by what Sen ( 1 9 7 7 )  calls t ill! " m aj or i ty closure 

metho d . "  i .e .  the t ransit ive  c losure of the maj ori ty dccisi\lll re lat ion . which would 
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have xQ1·  if and only i f  thcrL' e xis t  :: 1 . . . ::111 E X  Slldl that x = ::  1 . . ' · = ::111 • and 
fo r i = I .  . . .  1 1 1 - I ,  z1 gets Jt least as m�ul�' vo t�s in  the  grclu p as :1+ 1 does in a 
p:.� irwisc C< l lnparisun . The prublem however  i� that  this  me thod allows a P:.�ret o 
in fer iur al t e rn a t ive to bclung to the choke set (Fercjoh n a n d  G re t h e r  1 9 7 7  ). As 
usu�I I . x i;., Pa rL' t u  i n fni< l r  ( n r .  si i n ply . in kri<H) in . I  i l '  t h L' IT is a 1 in . I  :;uch  that 
rN. ," f, H a ll k ; u i d  . 1 '1'/J _y ! 'o r  S! \ I I IC /1 . in which case r d u l l l i i J ;I tC\  \ '  ( u r  .t ' L l.\ ) .  l 1 1  urdcr 
t u  r u k  c l l l t  d l l i ! I i n :L t L' d  a l t n n a t ih'S i n ./(A ) . we· C�l ll c rnp lo:; ; 1  sin 1 p lc d L' V t C L' .  

:·I HU I I ifl !ll 'l l  2 .  xl' .. t .t ' i l  ; 1 nJ  unlv i f  t i l L' t 1rst  n o n v a n i sl nn g  n'I ll llOilc' n t  u l· 
r 1 (x )  r 1  ( 1 ' ) tS [ l < 'St t i vc• . \\ ht' f L' . r 1 (x )  "' (p_ _1 (X ) (/ ( \' ) ) .  / '.4 ( .\' ) = I i l' \' i> l l n d u ! l l i 

l l ;.t k d  ;, I A .  0 u t h nw isc· : a n d  ct (x ) > rt( l ' \ i i' ;t nJ l l l l l v  i f x (� 1 · . 

Th e: fu r l ,· t i , ,n q i� � i th c r  I'L' ai -valuL' J  clr \'CL' l <H-v: I lucd : in t h e  l ;.t t k r  c a s e . 
I{(.Y ) > tf (_ \ ' )  l l l C' <rll > t h a t  TI I C  l i !·s t  l lU I !\:l ll iSJti ng c c·,n l Jltlll C il l U I < / (X ) !{( ! ' ) is p t >S i t iVL' . 
L L' .  t l 1 c  tf i x h  a rc u r d nc J  lcxic•Jgraphic:�ll v .  P u t t i n g  xN _ 1 _ 1 ·  i i' anJ unl)· i t  - .t l'.� ·' · 

!l s.\' 1 / l l lf'/il l t /  3 . ./I ii l cc ' \' t A j  'fi r  c: :1 xN._. 1 -' · ' .  

\ l l i i l lg t klt  ! 1 t l l  c' \\' 1 ') '  .1· i l l . 1 c: l l l  lit' i l l ! c• r i u r  i l. , I  i '- :1 c l < l�L·d SL' i . \\· h i ·_· ! ; \\'<' 

aSSU i l \ L' .  t i l L� l c >: id>�J ' : I j l i l i ,  < > flk l'l l l !,!  t l f  t h e  al l c' l i l ; l i i W �  hv .'\SSll l l l j l l ic l l l  2 :iS�ltrC� :! 

l l • m n u l l .f (  .·1 ) C t l ll i :l i i l i : ! 0: I l l' d < > i l > i na l t'J Pt> i i l l > .  l n c· !'k,·I t h e l' lt'L' L'ci i J I 'L' i i 1 1  !\.; w m p 

i l cl l \  .i \l't' ! I I ! d  I I :I I c' ! W U q :l[: c' ::.  .1 1 :I i i cl ! �  H 'h <: rdl\ (I i'' I S l 'c' kc i S  U l l li < - P : i l l :l l c'd 

j • <.l i l l b  a l ·t ,• r  11 h i c L  .1 2 i iJ ,·n j > l c h.:; ( ) \ l l  ! l i e· ;; l i < l kc' i i i  :I c c • ·· I'ci :J I \ ( ,· w i l ! t  (_ '. \ f'i.' t' I I i c :l ! h . 

,k l.i n ,: 

. 1 1 /1 ( . t l  = : , , . ·1 ! '1 1  l I •  1 D1 : 

:\ l .c I � (. I I ) -� : X ( • l 1 ! 'fi \ c ,' 1 I y ( )  ( . .  � A ·  ' 

T l i c· n  ./ ( . I ) = /� V1 ( : I ) I =- :1 � .  S t l ppkmcn t l l l �  t h ,• I i l ; IJ lHi l )  ( ! t • S I ! IL' ' ll i L' t h " d  \\ i l h  

t !J L:  (I :, 1 ; \�L' i i i i ! S  ,•i J r l ! i l l ;I I L' �  i l l f;· r ilH a ! t c·rn:r l i VL'' l !0 ! \ 1  i t �  / ( : 1  ) . 1 1 1 t l ! c· I ll' \ !  �L:C i l t > l l  

\\'<.' d L'\c· r i b ,· : t  1 u i . ' ::.:t l " l\  inc. t i t ,• ,\s:O:I l i O ! j ' l i < ' ll S  w i h' l'<' r i l e  < l l' ck r i i lF h :. ·  (! i '  t l Sc i i . k.\ i ·  
c'l l<! l':l p i l i c . b u t  l � rs t  \\ (' il < l f <' S < > I \ I L' l'( l i i�Clj l lc'I\CL'\ t '< l l  Li l t' !  l i Se'. ( l. c' l \ \ l l \ ;1 I iS  l > h v iu i J � : 

\' I� (} f' lc':l l C S I  i l l  J S(' l /? i l  X(i r ·  fl· r :I J l  t · I l l  H_ )  
I , . , i ! I J I!i I I I  . I - /J . 1 ! : -: n  i i ' X  is (J-grca t c· , [  i l l  13. ,. i' CJ ·<! I c :: L' \ 1  I ii  . I . 
I . e ' ' i ! i W  I i i il. t h ,· n  · I ' ll 1 .- .· I 1 

') J l l ,_ ,. t ·· ' /l 1 " , ' c · · 11 , 'V . , c IJ: . t /i'  ' . : t 1 1  d l , t . t ll & 'fi 1 c II : ' • · l lx l - · 

: ,· ,  .· 1 & 'f/ _ 1 , .- 1 .  ·- . 1 / l.1· ) . i 1 . · 1 • · /f . \l •: c·,· t l_ ,· , : � t : L1 2 
1. < ' 1 1 1 1 1111 ·' · I I \' t' il l ,.- ·, 11 l : 1 1 1 d  .· 1 � ·.: 1? 1 . t h,· n .l < .:J > 

S U I' ! '"''(' 1 l 1 c' I I \  pt.l t h c· ., i �  i ;  l r l l c' .  �' ' t l i .l l  .\ L .· 1 1  : 1  ll 1 l bc'L'�I l i C. < '  /? , c: h' , ) .I l l <! 
'V , . c 11 1 •  \'l_l l . S i i 1 ,'C' 11 2 C fJ 1 •  x i <  1.}-� I c' : l lc'st in . 1 , b} L ,' l \ 1 1 1 1 : 1  I .  ! 1 ,· , , � ,, _,. " . ·1 , 

� ivc 1 1 1 I I :1 1  .I c -'I 1 .  
I . < ' I INI!a 4 .  ! 2  ( .- 1 _, U H2 1 ,-:: / ]_ U 1  U fi 1 ) .  

A\�1\ 1 1 \ c' x c / ,  ( il _, U (] � ) . T h e n  r c: .. 1 _,  U 15 2 ant !  V 1 c . 1 , \) /], xQ 1 .  S i t l c'l' 
A ,  U R_, � : . 1 · <' , 1 1 1  V :  c A 1 : · (J: : U ; v  c JJ 1 i V ::  c fl 1 · _ 1 ·(}� i !  ! ', 1 l l u\\'� l i l a !  
.\' f ..- J  I U 8 1  � : n d  V ::  c : I  I U IJ I : . 1'(}:. 

f . c 'I I I I J!tJ S .  ] I .I' C: /1 1 U /J 1 :l n d x is t} -g:t c:l l c > t i n .- l l U JJ , . t h e n \ E .·l , U il l . 
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If the hypo th esis is t r u e .  then xQv for all .'' E A 2 U B 2  = : . : ·  E A 1 1V z E A 1 : vQz :  
u : l'  e B 1 1 '1 z E B 1 :yQz : . So if x c A 1 U B 1 , we have x E A 2 U B 2 

A Group Decision Rule 

Consitlcr  a L:O l l l l l l i t tee wh ose members eva l ua t e t he a l t e rnat ives in t erms o f  
t h e  same s d  o f  cri ter ia ran k ed i n  t h e  same orde r of im p o rtance o r  p rior i t y .  T o  each 
x c n rresponds a vec t o r  ll (x ) = (11 1 (x ) .  u� (x ) . . . . ) where 11;  is a n u merical funct ion 

Slll: h t h a t 11; (x) > u; (t• ) i f  x is bet t er than y in terms of t he ith c r i t e r i o n .  W hil e  u(x ) 

is t h e  s:Jme for al l ,  d iffe 1 ent members  may have J i ffe r ent stanJards of  accept abil i ty 

wi t h  respect to any p:Jrticular  cr i te 1  ion : person k consi d e rs x accept a b l e  a s  rega rds 

t h e· i t h  crite rion if  and only if  r 1;(x )  ;;;:. u k  * Wr i t ing 1l(x ) = m in � fl; (.\'), u7* : and I 
qk lx ) = (11k (x ) . qk (x ) . . . .  ) ,  we assume t h a t  xPk \' mea ns qk (x ) > qk (F ). Person 
k · , <lfl l e r ing

1 
is t hu s

2
d e t c r m i nrd bv uk *  = ( Ilk *. uk < . . .  ) .  SLJ t lwt  J i !Te rel l t  members 

w u u JJ have
. 
Jifl'cre n t  o r Jer i ngs i n

.
g<;!nera l . 

1 2 

To obta i n a Jecision rule u nJ e r the Assu mpt io n s .  we need only d e fi n e  q(x ) = 
( £( 1 (x ). lf , (X )  . . . . ). w h e r e  qj(.:\ ) :o. m i n ; 11; (x ) .  u * :  anJ u *  is l h e  median uk * .  
a�su m inl! �l l \  odd ll ll l libl'J' o r  mcmbcrs .  The ra t ional/ tor de ll il i lll! I I *  3S l i l r  m c Ji<J ll - -· I 
is t h J I  hy Blac k ' s  ( 1 94� ) t h core1 1 1  o n  single-pe<Jked prrfe i c nces . it is t h e  o n l �· elwin� 
(or u *  t h a i  c;t n win by s imple  m<qori ty r u l e  over a n y  ll t her  "candid a t e ' '  fm u,* 

( l ·, nd l iJa.:iLi ll J %9 ). W r i r i ng ; r ,k * :  = ( 1 1 1 * ,  . . . . un * ) :md u* � ( r / '� . 11 �  . . . . ) , ; uP ' ; 
t l t : I S  d e• !  e r m i n e s  u * .  giving t i l e  u rJ P r ing r c l a t i u n  Q on X in adnmr·c ol mr.1 · (easib!c 
�cl A. C ivcn A .  : u k * :  alsu U l' tcrm i nes � R�: . w h i c h  is neetlcd o n l y  r o  e l im in a t e  
i n i c'riP t a l r cm a r iv<:'s to t!C'I  .·1 1 "' .(1 (A ) .  aml QA t hen a u t o m a t ic <l l l y  y i e l ll s h (.4 1 )  
=o I (.-1 ) .  S d l e Jm t i L'<.�1 1 � . 

: H.k : Q 

\1 ! t e ll' : H A : ;u i d  1,] ! t h ro u�l !  (_) _1 ) d c t c : Jni nc· /\ .. 1 .  T h o: ; L 'k : in Sc-: 1  ion 2 is pH:n b 1  

: u '  ;. � i n  ;k,· Lk c is i • > l l  n:k desL r i be d .  w h i ..: h  11 e will  Li t' l l l J I C h 1· /' . T n  b e  ;; ur c .  (* . . 
i nvn lvn s p e L'l:J l  <t�\U ll l p t iu l ls .  ll ll l we l lt't:d o n l v  J l:Ll l l ll lc i · L' X <l t l lpk to t h e  <.:O i l ·  

, 1 �.\ t: lk) '  c < > ! i d i t i u l h .  \\ l· ,l n l y  L la i 1 1 1  t h<J t /* i ., il l i C' Il l J I I y  l l lns i� I L'll t ; I J l U  ! HI !  pat c' i l l iy 

: t ! l t l' . l ' l)il<J h l c .  w h i c h  w i l l  Sl'J' \ c' f, , r  f i l L' p 1 1 rpo,e .  

I t  m i g h t  hl· llLl l c d  t h a t  .f"' dDes n o t  req u i r e  a n  o rd.:r i l iE  J e ! :t l i o l l  R 1 J l 1  X 
t l t a t  su fflt.:Cs t u  y ic·l d  RA g i v e n  A . ..:ont r;uy to ,\no w's cn lh.>ct !VL' r :l l ion:t l it y  ron-
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d it io n  which wou l d  have such a n  H. in place of RA in Assump t ion 3 .  A rrow's 

a rgument is that such a t rJ nsit ive R would make t he gwu p's de cision i n dependent 

o r  the pa r t ic u lar sequeucc in wh ich t he fe:ls ih le  a l t e r n a t ives a re p resen t ed fo r c l w icc : 

" t h e  basic p roblem is . . t he independence o f  t h e  fi na l  chu icc from t h e  p at h tn i t .  

Trami t ivit y wi l l  insu re t h is indepen dence : !"m m any l fea sib l e  set J thne wil l  be 
a c l wsen a l t cmal iw" ( A r rt l w  l l}63 . p .  1 20) .  But  c l e e� r l y . t ra n s i t i v i t y  Ll ll A a ! J d  rw l 

necc·ssa r il y  on X \Vould  do fur t h e  pu rpuse. as in Assu m p t it> l l  3 .  Co l led ivc 

rat iu nal i t y .  w h ich d e m a n d s  more t h a n  is re:1 1 l y  needed . is an u n nect·ss�r ry rcq u ire
J ! Ic n t .  

Rel a t e d  t o  t h is poim . AH<l\l· ' s  ( 1 9h 3 .  p .  26) <Hgu m c n t  fo r his  in dcpc n J c n cc� 

( l r  i r rcll:va n t  �i l t c' ll\ a t tws ( I i i\ )  c n n d i t itlll i s  t h a t  t h e  grou p c h oice i r r  A slw u l d  be 
Inva rian t w i t h  r t' ., JlCc· t  h1 chaiH.'l''> i n : N k ' . w h e r e  Y-.4 i s  t h e  .:e t < l l  x's 1 1 <1 t  i n  • l '  A .  O n �  c u u l d  ;Jccc· p t  t h is r e q u i re m e n t  �i� r� : t�on;rb k .  b t l !  A r r < l W \  ft , rnul rz :t t ! t l ! l  u l  
i t  l ll:lkes {�A u n i q !I C I V  d L't e rm in e d  b�· ; /? "1 : . w i J i c h  lk r l l a! l d S l l ! tHC t h a n  w h a t  W et� 
I l l t C IHkd bl'l.: : t l l sl' < 1 1 '  t h e ;\ r m w  fo r 111 : 1 1 w l t c r"L' i ll H i s  ll t r iqm' i v  determ ined by ;Rk  i 
\Vc ! l bSL 'IVl' th a t  /''( . 1 )  dc p,:nds  o n l y  tl l l  /\ 't. :l!l d  (/ _ 1 a n d  in J l l l  \vay v arit:s w i t h  

k : 1\ x  . . l : . f' he ./* r; r l e  is t h u s  in con ! "o r m i t y  w i th  t h e  n t n t iv .I I i o n  b,· l i i n d  I J..\ h u t  

t' lh viuusly l a i.J �  i t  hc.- a t ! SC .1'* ( - I 1 depends also t. H J  (! 1 .  I n  <.l lH v i c'w I I .·\ . in r:: , J U i r inc: 

r r wr� tku: w h a t  i�  �.- a J i cd  l o r .  1�; td l l l t: c c ss�J ril y r e s t r ic t i ve' . 

C onsistency Cond i t ions 

LL' I  .� t w  �i � l l l i ' i '  d c· l' t :, i<l l l  ru le .  rc'><: n i n ,: t ! ic u •,( , ·, ! '/ !'• , !  '" � '· t ! : : l l  , , r t i � 1-i c �  1 !1 ,· 

;\ssl l l l l ! l l it' l l i S .  PI( ) J t ( 1 < 1 7 3 ) h: 1 -;  P" i l l l l' ci u l t l t l t a t  i f  p ; : l l !  i n dc p L' I H k n c c' ( ' ' 1 1 1 l' I l ' lk ·  
! ' l' r i d c·ncc 1 1 r  L i t <' l ·i n : r l  rl l P ic:l' l'r< > i l l  t l t c  pa 1 h  l • !  i t "  1 11 l i t e  ! i t c r : r l  se rtSc l i:,  l i l t.' u h : c· , · �  

t i v,' : 1 i  t r :l l t s i t i v i t l .  < 1 ! 1 L' r i l ;r y  c' I C il d r sp, nsv l'. i l h t h e  l : r t l c' r  : !  p:t l h  i n d c· p ,.' i l l k i l c· ,· , ·;u : 

be l i ; rd  1\ i ! l r d l l l i t .  l ·k h :h p r ( l po:;,, d  .1 l .t > r t : J : t l i : : t l l •. l l l  e l l. t h i s pt < l Jh' r· t� . 
l 'a !ll iudqJcll:it'ncc ( I' I ) .  I t' -1 � li l ' C.  t l l  .. ·n gC t )  � gt£: ( Il l l_• g ( (  ·) J .  

( i ,' :! ! h  j(. l )  ; ,  p. t ! i l i :Hk p t.' i l tkn t i r t  t i lL ·  l i k r : I i  s• ' ll '.c' s i n e,· 1\ 1 i s  t u : ! :i l l ivc . , ,. , i t  
._ ; I ll v i l l l : r t L· /'/. S I I I CL' /'/ i m p h c <. P r< > Jl c' rl :  (\ . . r , - ,ul d t i < J r :  1 > f  c• 1•. i l l  ; r ] , , ,  , 1; , .\, :·. t i l w,· 
u l  !'/. 

l'r• JJ)('rt l ·  o· i l . l C: /l . t h c : J /1 r-< gl !l ) C g (A I. 
T \i i ,  c l l ll d i t J O I \  ] J ; r,; hc't' ll  C l l midcrc·d ;JS a " l l! I I d :l l l l c n t a l  l' t l l l S i� l c' l l C \  l l' t J I I i r;.' l l l l' l l l  

· · I  t. i l CJ i c c "  b \  il l ; l l l \  l> r i : c r <  ,,,.-c t i l t' r c l .nl' il (L' \  l l l c' d  b y  Sen  ( 1 '!7 7  r' - 1> 7 )  .J l ld 

K t.· l l y  ( i '! 7 "- .  I ' ·  2 11 .  11 . 2 ) . l >u l su p p i iSl' r a p pl ic�  ;! I ! U  ( t i : r sick r J - ig .  i 1\ i l c rc t h r  v:d i i C  

, , : · ut * i s  t r l d i c ;: l ,' d l l l l  t l t c- 1 /i :r x 1s b� 1 l i L' i r U I I lc r;t i k .  l 'e r \l.> l l  I l r ;J s  ' 1
1 

* = tt l t .: ) . 
o' ' itt ' ! 'rd .: r s : I <• _y I t �  , ._ l '•c ;·sun 2 c' tHhidc· rs a ! l  t h re e  ;I I ! c n u t :V.'> , , c cc p t :l b k  ;h 
l t'!,!:Irds  1 1 1 .  8 r r d  l i t' p rc· t'cr,; _ J ·  lo :: l t > .\' t l l l  a c <.: l l l l ll l  " f u 2 . 1\: r s< < li 3 .  w h t >  d isc· ri r r l l ll .t l c''> 

.r r t ! < 1 1 1 !:! r i t e  al t c rn :� t iw s  in rega r d  1 1 1  u 3 .  prL' k l s :: lo  _ r · ' "  x .  T'h v � r O U J > ' s  11 * i s  su,· h  

t l t ;.l l If (.\' ) > q(r  1 >· 1/ ( :: ) bcL·ausc o l  114 . L e i  / 1  "' ; x .  _ r · ·, and 13 = x .  , . _ :: T l r c n  l '' 
( 1 1 = :  x ;  b u t  F"' (B) "' ; ; · : because ::Dx , su t ha i  0' is vi ,da t l· d  hy g = j'* . 

The i d e:: bL' h in J  t h L' /'1 con d i t ion is' I h :I t  t l ;c  c l t u it.:c in ,·I = 13 U C s l t tndd  L: t > l l i L' 

1 ; ( 1 1 1 1 t he t.: h 1 1 i ces i 1 r  B an d C and s h o u l d  n u t  depen d 1 1 11 how /I is d iSagg l qc:Hc d  i r l t u  



l : nca rnKion,  Consistency Cnndi tions in G roup D ecision; 

u2 
! 
I 

2 1 - - - - y 

I I 

1 . 3 1 - - : -- - - - · · i 
i L · ---- -- - ---- -- - ·------- --- - - -

2 ,3 
· - - · - " 1 

u4 
I 

1 2 3 1 --• • I 
I 

I 
I 

i 
! 

i . 

- - - X 
I I 

1 2 

. y  

1 8 7 

l 
! 

. ----- UJ 
3 

B �1 1 1 d  C B 1 1 t  t h is 1 W a ! h  t ! 1 , , ,  i t' t h e  ._·nnd i t ion  is t u be rc.Jsc>mhk.  t : tv � l ; ; l i L-..� :, I ' •  L-J 
a 1 1 d  C sl : t J l l ld (j l l ;l l . l 'y ; 1'  pt"> ibk clH> JCCS i l l  t i l e  ! : t rgn se t . 1 .  \\· h i ,- / ,  req uires U ! : ck r  
· :- , ,. :\.�\ l l ! I I J > ! i l_., l l ,  t l u t  t h ey h'' u n d < � : l l i l lJted in A . .-\ rcv i-.,: d ;·c> r5 i < > l l  . , j  PI f, ,! J , m·� 
'�'� · I"  t h e· ;\,;-; u m pt i n n s .  

J/w(Jrcm n '  I f  1 l  "' /3 � C &. ! (B ) )  C A 1 & /(C) C ,-1 1 .  th t>ll /(A 1 = ](! (!] 1 
._, ! ( C) ) .  

/'rr:• : .f. S< IPI' ' ' ''-' t h e  h y o• l t l t t� s i ,;  i;; t ru e  F i 1 s1 w e  show t h : 1 t  f(. l )  C f (J i /3 )  
•._! l i C ) ) .  C L.· a : l y  11 1 C t-; 1 ,..J C 1  l k n' '' i t' x 1; . / (A ) .  � : lc 1 1  . \  E il 1 .  x i s U g 1 cttcs :  i l l  
-l ! d lhi  X c Jj l  u c , . :\Is , , _  82 u ( .2 c A J - S l l  l h  .. i l  .\' i : .  ( ' ·t: r ..: a l c' S I  I i i  B 2  u c2 
: ) \' L c' J I I I I I :I i .  ! h is  w i t h  r f.' JJ , '�J C 1 J n d  L.: l l l m :t 5 :::! 1 '·- L' >  .\ f H2 1 _, c2 . :. 1 1 \ l  t l l•:'l.:: · 
! . , r c  x c l(IJ2 u c2 I l "  -;l� < •w _t( i '{B i u _( (Ci l C ((.! ;_ s u p p<�<: · : X c l (r t /J )  u l i ( ' l  \ 
T i d� ! l l l';l l \s  .\' t' 8-_._ u c� J.ild  .\' i� (!--g;·c a t c·s t  i l l  /J2 \..) c2 S i i l c c' H2 u ('2 c "' 1 .  W( 
1; 1 Vc .\ c . 1 1  " '  t h a t  .1' c .-1 2 i i  .i  is  (J-�;;-cJtest in .-1 i .  Thb i·; s'-' · by L<?tmn a  1 .  , l ! ; e  

A 1 C:: /J ; U C1 ;� n d  . \  is  L} ·)! i·ca t< : ; t  1 1 1 H 1  U C 1 . !;y ! ;,: ; � : : I E J  -:-. i ' r ; ,IOJ t he �-�ll'l t i l ;! !  
.\ < /12 U C2 J l l d  i s  (}-grc:lll' S l  i n  l/ 2 l J  ('2 

Tile J : t li < H I ;Jl c- :·<., r  o is 1 ! 1 ; 1 1  :1 1 1  J l h_' i l l Jt i vc c lwsc n i n  B. i l . :;t i l l  :.tv;t t i J b i .' when 
; h ,_- k :t s i b k  st:' i  l l :1 s  bt:l' l l  '"� ' l u cc•d tu . ·1 . s l i <>Li l d  be . l l� l • ' l lg • i lnsc c h ose n i n  A b c' L ;! I ! Sc' 
1 1  i >  ' 'best" 1 1 1  ! l i e' L ll g_l' l  se t a : 1 d  s i J , \ I dd  t il <: : ;.· i nrc bl' b c s r  :dsn ; n  t h e  s m a l l c J  \ l ll c' .  
T ! t 1 s  W\!U i d  :;c: c n 1  r,·asl l n a b k  ni o <.Jgl i .  b u t  H un p l 1 c i t ! y  iiSSli l l l l' '>  t h a i  t i l l' c h u k l'S i t : 
- �  q u :Li tl }  JS J l • l S� i b k  Jwiccs  i i i  n .  \I l l ic i t  ITl<IY n o t  be t i lt' c a se .  M:ll.;, i n�: t i : i �: ;J SS cl l l l �� 
t i •. ' l l l' '\ jll k i l ,  

Tll.:orcllz o ' .  1 1 .4 C l3 & t r/1 ) C  8 1 _ then A i: / (/3 ) C J(4 ) 
/'roof Le t the ln pothcsis b e  t ru e .  Th •_: ..:,Hlclusion is fals i fied if :: n d  only 1 i  

t h e r e  i., J n  x such r h at ,. E .'l n B2 & " .\· e A 2 .  Suppose su ch  :w x . S i n c e  A C H. 
L .emma 2 give s .4 r'l 8 1  C A 1 sn t h a t x c A 1 :I B 2 srncc x t /I II JJ2 a :1 d B 1  :i 8 2  

= B2 _ 13u t A 2 C B 1 fro 1 1 1  t h e  hy pothesis, a n d  therefore x E /1 2 by Leru m  a 3 .  conlla
dicting �- x E A 2 .  
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Fou1 rela ted conditions may be d iscussed t oge ther .  Condition {3 + was in t ro

duced by cor des ( 1 9 76 ) , {3 by SL'n ( 1 969 ) , E by Blair (as repn rtcd by Sen ( 1 9 7 7 ,  
p .  69) ) and f> b y  Sen ( 1 9 7 1 ) . Since {3 +  im plies {3 ,  {3 implies E ,  an d c in1 pl ies f> ,  we 
need consider only {3+ and o. 

Proecrty {3+. I t A  c B & A n g (8 ) i= ¢ , then g(A ) c A n gW). 
Condition o . l f x  e g(A ) & _l '  e g(A ) & A  C B. then ( ; x : i= g(B ) & ; _1· : * g  

(B ) )  
Su prose x i s  i n fe r io r in H an d y  is no ! .  T l t e n  ; x : cf' j*(H )  h u t ; .1< = f*(B ) is possib l r ,  
show ing fJilure o f  o and the o t he r condit i ,ms .  These con dit io ns pu t r eq u irements 

o n  al tern� t ives chosen in A w h e n  t h e  fe�sib lc se t is enl arged t o IJ. As with PI 
and u:, t hey f;�il to hold because o f  the possib il i ty t h a t  an al te • m t ive chosen in a sd 

may be d om ina t e d in a l arge r se t .  Rest ric ting t h is possib ili t y ,  t h e  revised cond i t iom 

hewme t h eo rems as shown in the case ,If {3+. 
Theorem /3+' . I f  A C B & j(A ) C 81 & A n j{li) * �·. th t: n j(A ) c A ry(B ).  

Proof Su ppos� there e x i st s  y c A r1j(B ). and suppose x E /1 C B a n d  x f 

j(A ). Then x is Q-great est  in A a nd t h e re: fore xQv since v E A ,  sn t h a t  x c j(// ) 
since y £ j(B ) �nd x is un dum ina tc d in B given the p roviso t h a t  j(A ) C H 1 .  !-knee 
x e A n ;w).  

Se n \  ( 1 97 1 ) Condi t ion -y ,  wh ich i s  equival e n t  t o  t h e  fullowing s t ;� t cmen t . is 

q u ite diffe r e n t  from the rl thi.'rs as i t  fol J , l \'iS from the  Assu1 1 1pt ions .  

171l:orcm 'f .  I I x t f(A ) & x E /(B ),  then x t j(A u B). 
U n d e r  t h e  h y p o thesis.  x is Ill A 1 a n d in fJ 1 am.! (!-greatest  i n  A 1 a mi in H 1 •  t h ere

fo re x c A 1 U B1 a n d x is (!-greates t  i n  A 1 U B 1 , giv ing the  condusio n .  The reaso n  
for  t h e  d iffe rence is the fact t ha t t h e  ! typo tht:sis o f  'f does uot  a l l o w  x t o i lc  in fe r ior 
in any of the se t s  co nsidc reJ .  Plo t t 's ( I  'J 73 ) Axiom I .  also cal led ihc Ccnera l izcd 
Con d o rcet  pro pe r ty by Blair ct a!. ( I  ' l76 ) .  is 3 weak er version o f  'I and t l le r c fo t L' 
also true.  

TIH· rc arc other  con sis t e ncy cond i t io ns Ax ioms I anJ 2 o l  Plo t t  ( l 'J 7 3 ) 

which arc varia t ions  of t he PI cond i t ion . a · of Sen ( 1 9 7 7 )  : 1 1 1d H3 of Ba t ra a n d  

Pa l t<I naik ( i 9 7 2 )  wh ich arc wc;�ker  v c rsinm. <l f a .  a n d  ,) * u f  Rich elsnn ( 1 9 7� ) 
wh ic h is a wea k e r  v�rsion uf f> t h a t  a re fa iled hy I* , bu t su i t abk r c funnui::J t ions 
are  .: ,>nsequcn.:es , >f  t h e  Assu mp tio n s .  I n  each case , the n:: cdell a m e ndment  is  
'> im pl y  t < >  make the al t e rnat ives  c h osen in sm;� l ! c r  se ts  qu;�l ify a s  possible o.: h o ic•:' 
in s• >me approp riJ tc l a tger set . 

Concluding Remarks 

N u ting t h a t  P rope r t i es u and {3+ toge t h e r  arc equ ivalen t  to A rr o w 's ( I  'J 5 9 ) 
De fi n i t ion C4 uf a ratio nal choice fu nc t io n , the comist cncy cond i t ions arc coll l 

p l e t c l y  st ra igh t forward req uirements  on Jn in dividual ' s  decision making :  t h ey an· 
i m p  I ied by the existence of a p re fe renee o rdering ( A rrow 1 95 9 ,  Tileurt'lll 2 ) . They 



l ·. n c:nn:rc ion,  Con�istcncy Cond rt ions in ( ; roup D�cis ions 

:ne huwcver l ess compel l ing for group ch oices becJ u se of feat ures in the l a t t e r  
wh i L h  :�rc a bsen t fo r a n  individ ual , i n  p a r t icu lar .  Pa re t o  p roper ties of a h c r na t iv e s  

drpcnJ < J ll the fe�!s iblc se t .  Wh ile i t  is q ' lite c o r rect  w s a y  tha t on� can i n fe r  a n  

i n d  iv i  J ual  's clluil'cs 1Jvcr l: ngcr s c  t s lr 0111 h i s  clw iccs ov�  r t wo-clernt:n t s c  t s .  t h is 

; nay lhlt  h o ld fo r the  gruup. fo r i i" the Pare t o  prope r t y  of an :J tcm a t ive is coJl 

sidcrcd i rn p o rtan • .  �roup evaluation o f  an a l te r n a t ive may vary w ith the feasible 
'.c t . l 1 s ing t h e /* rule d d "i n c d  in Sec t ion J we ! r ave shown possib l e  L'O!ltl icts  b e t w e e n  
l 'a rC I ' '  o p t im ali ty a ; id m o s t  ot  th e t: cli J s i s r ency co n d i t in n s  ( t h e  a :m d 13+ classes 
in c un l rd ' i  t 1 1  t h e y dJ ·;;s ) .  acco rdtn[!ly wc Wl' • t i J  pcpl)sc r n i :;cd condi t ions  which 

l l t f l ' n·-; t i n � l y  enoJ u gh ,, ,-,� l·,> n scqucn.:e·; , ,(  the /\ ss u m p r iuns i n  S c c t i•J i l  -� - C rnu p  

,],•,_: i s i • H I  ru l c·s tha t  s;l t i s l ·y· t l t c  ctl n s i s t e ncy C<Jn d i t ions ohvillll;;ly sa t isfy t i ll'  p rl ·• l10Sc'd 
: •:'-' ! '· iu n s .  sn l .hc ! a l t er :1 re 1�-;s  res l r" ict r v c: .  

! 1.  il l rgh t h e  a rg u c J  l l i : Jt  ins t e a d  o r  ab:.urdon ing Property (( , w l t rc!l  Sl'<.:nt !) 
:-:'-' !l e r ;t l l y  cunsidcred t · .J h� i'u n J:, ; J r en t al . and 1 .:placing i t  v.· i l  h a' n n e  C l n i l .J  c q u :d l:. 
·,;'L\ ! !  : t..· t �l i l l  o :nHJ r'.Jl' C l  ,ro�:; :. J :.; · '" u n re:tso n u.h l � . · · ( ! J !dccd t h �1 t \V : t S  the  rcaL· t i\ 1 ! 1  l> !. � 

:_•:u.k r , , ; a ll  ear l ie r  d : :i ! t  o l  i h .is  p a p e r ) Bu t ./"' is i n l r.: r n :d l y  c' • l l l Si S t l.' n t  w h i i c  o. is 
·;u !'pus�d l o  be a ncn:ss� ! ry  cundi t iun t"ur consistency . C i w n  :1 ny  feasible set A .  
!"' ( .· : ) I S  derived ft l l l ll a : c ht i Oil wh ic h i s  rl(J i ldict:J to r ia J  ;.� n J  t ran� i t ive c \ i l . - 1 , i t c l l V  

:1 :.t t i 1  i l � ti c p c tl dcn t :  r l l t HCt lVc r . .f"' (/1 ) ; _, l':1 n' l u  U [J ! irn a l  a J , J  i n d l'pen . Jeqt  " " . t i l e' ! · 
· ·• :� l i v e '  l l t l t s i d c  il ':-; i t l· l i  pr( )pCI ' I I l'S w o u l d  seem t u b e  b u t l l  nc·cessa 1 y  and s t rft i c ie r; t  
. : 1 1  ;r \ �d i d  C • .ll lil t e r - c >. <tt < l p k  l r J  o: . :\hu.  t h e  u n l v  d iffe r \.' i l c· ;: h.: twccn c. a n J  n '  i s  i La :  
; I -,,. ! : ! l i e ; rl l : J � cs c .x p l i c· i t  w l t a t m u sr  he' im p l K i tly assumed h y  0' i t .  Pare t o  < l p t i : l t a ! i t y  

1 ;  r tcc· ,:ss�l ry . v i z .  t l i a r  l i t e  c h uiccs i n  t h e  smaller se t q u ;.� l i i"y a s  possib le  chu icc:s i n  
: h e Li ! :;e r  se t  C l ea r l y "' '-' h e�vc a Ci > ll i l l L' l  h c·re  between l '; l lc lcl llp r i m <t ! i t y  :� n d  n 

\1 l 1 id r  i� r csulvcd h \  o:'- a 1 1 d  we wu u ! J  \'< > T i c'ht d c' i lu l o.' i·; t i r L' f'.l \ H (' ; ·c:rscJ IUld c• 
: - ;·q 11 i r c' l i l \' i l l. 

References 

·\ 1 1  t)\\' k . J  I 9 5 (} ,  " R :d l • 1 11a l  Cfh,icc F u n r lil' J J :-:  J. n J  Orderin��,_ . . . 1 : � · r ' l 1rnnica 2 6 .  1 2  l � 1 7  
-\ r rc•\\·, 1\. . . 1 l lJ6 3 ,  Su,·w! ( /r,n ,  , . a•:ci f•,Jiridlltil l "dtu·�. 1nd c·J .  ( \\ iJc,· . N e w  York) .  
1 ! : 1 1 ·.' , ,  R !\ .  :J II d  P K.  P:; : J rn ;r i k  t '-J 7 J. .  "On St• l l lc Sugf't:Stions  f•!r l l a1·in;; ;--.<on ·binacv Sc>,:r�i  

l ' l lu i c·<' l ·unctiorb, " "111 <  on· and ncci,·ioll J .  1 - 1  I .  
!\lad; . I )_ . I 94 8 .  "01' t he lb I inn ate o r  cr._; ( )p  l .kc:,II I IHll:tkin�." ./()/1 ''1'1!! of Po!iticlfl l.-,·uwll/i l '  

5h.  2 3- 24 .  
IJL r i • ,  lU I . ,  C l3• > rdL' < ,  .I . S .  K C: ! ·; : n d  1\. . S tll lFll u; ,; 1 9 7 f. .  '' l t \ l f ' < ' S'il .n l i tv  The<>fl' rth \\"J ' h <."Ir 

C.1i lect ivc  RJ tion:r ! it. \· , ' .lim mal o f  1-.cullollll< /"fl,·nn I 3 .  ) (' I - -' 7 9  
! : •J tdl' '· ( ; . t 9 7 6 .  "Cun<I,tC i l <-Y . RJ tion:� l i t v  a n u  Cdk,,ti \"l' (1luicc . •  licFicw o i  /:c·,)l/ < ! .'!i}< 

.'\.
mdicv -H. 4 5 1 -4 5 7 .  

( 'h l:IJHJ :f. I I . .  1 95-+ .  " R;JtJIJ ilai Sekctiu n  o r  lkciW>tl Functions." l:"c- !li();i!C{I"[Cil 2 2 .  4 � 3 -44  .J 
i t iLl n t : t c ion .  1 4(� 4 .  "On l n d  .. �pend�..: Th.l' Po�tu  btcs (' un. ·�.. . .- rn  in� ( 'h () icc�  ' ' l�t r(�nw l innal 

l· corwiiiiC Rc1•ic r, · 1 0. 1 34 - ! 40 .  
i ,·n· john .  J :\ . ,tn d  D. M .  C rL'! hL't 1 9 7 7 ,  "Wc�k ['ath !ndepcndL·ncc , ' '  .Journal uj l:cot/Otlli< 

! J:e ,  ;,. , .  14. 1 9- 3 \.  



1 90 Transactions N ational Acad.;my of Science 

Kelly, J . S . :  1 9 78,  Arrow Impossibility Theorems. (Academic Press, New York). 

Plott. C. R . :  1 97 3, "Path Independence, Rationality and Social 010ice." Econometrica 4 1 ,  

j 075- 1 0 9 1 . 

Richclson, J . :  1 978,  "Some Further Results on Consistency , Rationality and Collective 

Choice, "  Review of Hconomic Swdies 45. 34 3-346. 

Sen.  A. K . :  1 969, "Quasi-transitivity, Rational Choice and Collective Decisions,"  Review 

of Economic Studies, 36, 3 8 1 -393.  

Sen,  A.K. :  1 9 7 1 ,  "010ice Functions and Revealed Preference," Review of Economic Studies 

38, 307-3 1 7. 

Sen, A.K . :  1 977,  " Social 010ice Theory: A Re-examinatit1n, " Econometrica 45.  5 3-89. 



1 9 1  

Fr. Bienvenido F .  Nebres, S.J . . Discussan t  

I I ! Sl'd t u  be h esitan t �t bu u t  disnJssing :lpp l ica t io n s  o r  m a the m a t iL'�tl ln[! i l· to 
v�l ri• > u s  scie nces . The r,�a�un is t h a t  these a p p li\:a tiuns �:L' l' l l l  so cso t c t  i c .  I hlwcv,: r .  
in  rec e n t  y ea rs w e  l t a vc  seen t h e  l: i nguagcs J c vel opcd in  m�ti hematical lu�ic having 
l l l < ' tc �1 1 1 d  l lH >re in1 p o rt �! tkL� in vario u �  aspeds of compt l t e r  sc i(• n c c .  I t  �ccm� l u  1 1 1 r  

t ha t  prc�C I I i  e ffo rt S  a t  fl J i nLt i iz J t ion  n l· dSpC C t S  O J "  r. h c  Sc h.: ia )  Sciences  c: 1 11 h e l p  i l l  
L" ll l ! t p i i ! C i  1 1HHkJ i r 1�  < J )  �< lL' i a J  SL· ieTIL\!·typc si l t t a l i t .• l l S .  

I II <J t l ! d  l i k e  t u  t h :H t l-;  D r .  1-:! J ,:a rn: : .: i , i n  fo t : t  ve r� l i t t e rL· st i t l g  :mJ wel l -w r i t ten  
p: i J il' t .  My < l l l iy :cgr,· t is l l l l t  h a vin�  Lun il i:: r i ty  w i t h  t h e <-:tr lic· r  l i tc r a t l l rc: t l t t  L i t e  

su h , ,· c t . T l w s  I C:l l l lll.ll p rope rl y  we igh I h e• :trl!tr ll H.'nl;;  i n  l":tvm o r  t h C'  rn!Jdi i"tc:r t ! 0 11 
c/ u l ·  p t < lp c tt y  n .  H m1 cw r .  I fin d  the p r c·,c n t at iun c k . r r  - i l l  p:1 r t i�· u L< r .  b t c : tk i n !_� 

t t p  r i l e  � l L'ps  in t h e  cpnstn t c tion u l· t h e  c h u te:<: lil il d J < l l l  S < l  J� l u  c x p l ic i Lt l c  1 1 ! ,; 
c l i m it l �l t iu n  uf dumin �tkc.l p . , iu t;,  fi r•; t  Tl 1 is t l tc n  c l a : i i"ic:s l l t L' i 1 1 \ r < > d u ,· t i o r l • : i · t he  
� �  J d  i r inwi l  w n  J i t  io1 1 

I (if) C - 1 1 . l( ( . -� )  C 11 1 ) in Thc.Hcrn Pi ' ( Th col t: l ll n ' ) .  

Wli :t t  (,_l � I J } ( [  l l l<HC imri�t l i l lg from :1 p·l : l t h L' I i l:t t !Gd ! J l l l l l l  u r  \ icw 
W :l :> t h e· " " U i l rl':t'o\ J i l .t i l l c ' "  ! u n c t i o n  r. According l l .> Dl l n c�! lll :l C i <i : r .  : l l :  car lwr 

r.�:i Jcr S ! l <!.�c�rcd ):!C i t l l l�  r id of  t u n ..:t i • > n s  such as _(* . M a t l t � m a r ical  L� \ JWr ie n ,:e. 
howcvn.  sh ows t!tat such u nreaso n a ble Ju n c t ions o t"t t: t J  l i o i J  t itc 1-;cy to �� u c cpc J  
u n dcrsL1 n J in�; <lf : 1  thcn 1 y .  F o r  e x a m p l e .  t h a t  t l l o 't un rea so n :; b ! ,: i"u l l c t io n .  t h e  
Di r:tc  0 fu ndi o n . : t t isi n g  f1 om p h y s ics o p e n e d  t he w : t y  t o  t lh· t l i ( ory o f  

gc n c r:t l i;-cd fu nctions ( d is tr ib u t ions) an d " new era in  an:J i y �i s  :1 n d  p :l t l i a l J i l"k r c n 
ti:il Clpt : t t icl llS  I \\ ould  j u s t l i k e  t o  ind iutc  one qucst i <W which (* b r i n s� 1 1 p :  

Pc rSLl l l  k 's •Hdc· r i n g  is  gi ven b y  !/ k =co (c� . qi , ct �- ) a n d  o n  c:.Jku la ti lln : 

A · · l laive " look J t  t he LJrder ings of c h oices would indicate  that  z should be i"i rsL l ' .  
secu n d .  x third _ T h a t  i c. .  the q fu nction should  give : q(? ) > q( t • ) > qtx  1 

r\s � n:a t ter  of fac t .  the q -orde ring i s  t h e  rever�e ct(x 1 > q (l' ) > q ( ::  J What 

happe n <' The de fi n i t i o n  n l· q is dependent on the !f,· an d on the med i�ms u *  ,1 1 u -'  * .  1 I 
ul * · u ; ·  _ the cri ter ia fnr acce p t a b il i ty . I n  th� case nf the:  c h o i ce ful l ct iun _( * . t h e  

m e dia ns It,* dampen t h e  C O O t  ribu l i o n  0 f t i l l' q i 's. 
Of cou rse . the qt tc�t ion rai sed by t his J iscrc pancy b e t w e e n  t he ind ividual  

d l tlicc: fu n c tions qk :.Jnd t he dec ision ruk q for t he �roup is n o  longer one of 
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consistency , which is t h e  concern of the pape r .  I t  is a question of c' n-recrness o f  

forma liza tion . One o f  the cen t ra l  quest ions in theoret ical computer  programming 

today is correctness of  programs: How do I know that the program I w rote docs 

what  I in tended it  to  do'l Simi lar ly,  in our case , the discrepancy between the qk 
and q raises a question o f  correct ness o f  formaliza tion : Docs the const ruc tion of 
the  qk and q do what we meant t h em t o  d o ,  i .e . ,  give a mathematical  forrnaliLa t ion 

for in formal decision p rocesses'' More p recisely ,  are the re �)the r ways o f  const ruc t 

ing i/k , ({ (for examp le , USing a different 1 /r than the m edian ) which  JVuids Seeming 

violations of intui tion such as comcs up i n  the fu nction j'*') 
I n  any case , I would l ike to thank Dr.  Encarn:ll:i<in o n ce m u 1 C  ! ·or t h i s  p:1 pc: r .  

I hope i t  stimui:.J tcs gre a t e r  interest  i n  t h e  ch:li knge o i' Jc vcJ,)p ing m:J t h c m :J t ic:.!l 

fu rmalis 1 1 1 s  in t he social sc iences 




